THE ARCHIMEDEAN PLACE IS A BLURRED INTERVAL AT INFINITY

MING NG

ABSTRACT. Classically, the places of Q are often regarded as a one-point compactification of Spec(Z), with
the real place corresponding to a formal “prime” added at infinity. Re-examining this picture from a topos-
theoretic perspective reveals a subtler geometry: while the non-Archimedean places are identified with single-

tons indexed by the non-zero prime ideals of Z, the Archimedean place is represented by the space of upper
—

reals [0, 1], which may be informally thought of as the unit interval equipped with a non-Hausdorff topology.

On a technical level, our analysis brings together geometric logic and descent techniques from topos the-
ory, distinguishing standard descent from lax descent toposes both at the level of sheaves and of the geomet-
ric theories they classify. More broadly, this paper brings into conversation two parallel distinctions: on the
number-theoretic side, between Archimedean and non-Archimedean phenomena, and on the topos-theoretic
side, between standard and lax descent. Looked at from a high level, these perspectives begin to converge on a
common theme: how should the connected and the disconnected interact?

1. INTRODUCTION

1.1. Motivation from Number Theory. Much of the theory-building in number theory has been guided
by a deep tension: while it is important to treat all the completions of the rationals QQ (or indeed, any global
field) symmetrically, there also exists clear disanalogies between the p-adics and the reals. The depth of
these disanalogies can be measured by the fact that many powerful technologies work well in one setting
but not the other. Indeed, as Mazur muses [Maz93||:

“A major theme in the development of Number Theory has been to try to bring R somewhat

more into line with the p-adic fields; a major mystery is why R resists this attempt so

strenuously.”

This leads to a natural question, which will guide the investigations of this paper.

Question 1.1. What is the right perspective from which to understand this tension? That is, how can we
treat the p-adics and the reals symmetrically whilst also accommodating their differences?

One classical response is provided by the well-known analogy between number fields and function fields,
which lies at the foundations of Arakelov geometry. If C' is a smooth affine curve (over an algebraically
closed field k), it admits a unique completion to a smooth projective curve C, constructed by adding a finite
number of points. On the other hand, the arithmetic analogue starts with

S = Spec(0x),

the spectrum of the ring of integers O of a number field K. The closed points of S correspond to the
non-Archimedean places of K, and so we may “compactify” S by adding the Archimedean places.

This analogy turns out to be surprisingly robust. For instance, both settings admit a natural product
formula. For any non-zero rational function f € k(C'), we have

Z ord,(f) =0,
peC(k)
i.e. the degree of principal divisor is 0. Similarly, for any non-zero element f € K in the number field,
Z log |f ’v =0,
vEAK
where A g denotes the set of places of K, and | - |, is a suitably normalised absolute value at v. Thus, in

both settings, the local data attached to a global object assemble to satisfy a global compatibility relation.
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This gives first evidence that both compactified spaces support a common arithmetic structure. Indeed,
Arakelov theory further develops this picture: by incorporating the Archimedean places, one can develop
an intersection theory of arithmetic divisors, mirroring the classical intersection theory of divisors on a
Riemannian surface, see e.g. [Ara74, [PR21]].

Nevertheless, this analogy has a few important limitations. The first concerns the structure of the local
fields. Given any point p on a smooth projective curve C, the completion of the function field k(C) at p is
isomorphic to the field of formal Laurent series,

k(C), = k((2)-
Stated informally: in the function fields case, the local fields all look alike. This is in stark contrast with
local fields arising from the rationals QQ: in particular, R is not isomorphic to any @Q,, and Q, 2 Q, for
distinct primes p and q.

There is also a fundamental difference at the global level. The smooth compactification of an affine curve
is a genuinely geometric construction: the added points become part of a smooth projective curve with a
global geometric structure. By contrast, the Arakelov compactification of Spec(O ) simply adjoins the set
of Archimedean places to the non-Archimedean ones. Thus, while there are compelling reasons to morally
view the Arakelov compactification as a compactified affine curve, the function field analogy itself does not
supply a geometric space whose underlying points recover the places.

These issues frame the central perspective of the present paper: rather than beginning with the set of
places of Q and asking how to equip it with a geometric structure, we ask whether the space itself can
be recovered from the algebraic and topological structure implicit within the places themselves. As we
shall later see, geometric logic, with its deep connections to topos theory, provides powerful yet sensitive
tools for extracting the required information. To develop this remark, let us shift gears and first explain the
perspective from logic.

1.2. The View from Logic. The existence of serious interactions between number theory and logic may
come as a surprise to the uninitiated, but they are certainly not new. To quote some recent successes,
one might point to applications of o-minimality to the André-Oort conjecture [Pillll [Tsil8], or perhaps
the use of model-theoretic tools to establish the topological tameness of Berkovich spaces [HL16]]. These
breakthrough results not only underscore the power of logical tools in other fields, they also add a deep
nuance to our understanding of logical complexity.

Stability is the classic model-theoretic frontier: structures which are stable are regarded as well-behaved,
whereas unstable structures typically signal some form of chaos or complexity. Yet many structures aris-
ing naturally in the model theory of valued fields are unstable, whilst still exhibiting significant forms of
tameness. At a high level, much of the recent work in the area can be understood as seeking out new log-
ical frameworks in which this tameness becomes visible (e.g. stable domination, continuous logic etc.). A
particularly relevant example for us is the framework of Globally Valued Fields [BYDHS24]], introduced
by Ben Yaacov and Hrushovski as the theory of fields with multiple valuations satisfying a global product
formula. This framework can be understood as providing a model-theoretic answer to Question but
notice that it moves beyond classical first-order logic: globally valued fields are axiomatised in unbounded
continuous logic, as developed in [BYOS]].

This paper takes a related but different approach through geometric logic. Geometric logic differs sub-
stantially in character from the classical first-order logic that underlies much of model theory. Syntactically,
geometric formulas are built from finite conjunctions, arbitrary disjunctions, and existential quantification,
but do not allow negation in general. This mirrors how the opens of a topological space are closed under
finite intersections and arbitrary unions, but not necessarily closed under complements. This gives rise to
an unusual logic — one which is positive, infinitary, and possesses an intrinsically topological character.

These syntactic differences have significant consequences. For one, the compactness theorem is no longer
available since the logic is now infinitary. Moreover, geometric logic is incomplete: for instance, there
exists non-trivial geometric theories having no models in Set For the model theorist, this signals that many
familiar tools of first-order model theory do not translate into our setting For the topos theorist, however,

IFor those familiar with locale theory, this corresponds to the fact that not all frames are spatial; see [Vic07al §2.4].

2This is in contrast to, e.g. unbounded continuous logic, which still has a compactness theorem [BYO0S], §3].
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this failure of completeness points in a different direction: one must enlarge the class of models beyond
those found in Set and consider models in arbitrary Grothendieck toposes. This key shift in perspective
leads to a fundamental structure theorem in topos theory, which we use throughout this paper:

Theorem 1.2 ([Joh02, D3.1], [VicO7a, §5.3]). Every geometric theory has a classifying topos. Conversely,
every Grothendieck topos is the classifying topos of some geometric theory.

We shall leave the topos-theoretic details as a dark grey box, if not a black one. In broad strokes, the
structure theorem gives two complementary ways of viewing a Grothendieck topos:

Sheaf-theoretic. & ~ Sh(C, J), a category of sheaves on a site;
Logical. & ~ 8T, the classifying topos of a geometric theory T .

The first perspective originates in algebraic geometry, while the second allows us to regard the topos as a
generalised space of models. In more detail: the classifying topos S[T] is characterised by the universal
property that, for any Grothendieck topos &, there is a natural equivalence of categories

Geom(F, §[T|) ~ T—mod(F).

That is, geometric morphisms f: F — 8[T] correspond to T-models in F. Here, geometric morphisms
should be viewed as generalised points, analogous to how continuous maps * — X correspond to points of
a topological space X. This motivates the following informal picture, which we use throughout this paper.

Definition 1.3 (Point-free Space).

(i) A (point-free) space is described by a geometric theory T, whose models play the role of its points
To emphasise this intuition, we write “z € X to mean that x is a model of the theory associated to
the point-free space X.

(i) Amap f: X — Y of point-free spaces is defined by a geometric construction assigning to each
point € X a point f(x) € Y this assignment is functorial in .

The lay reader may, without too much harm, think of a point-free space as an ordinary topological space,
with point-free maps playing the role of continuous maps between them. Indeed, our suggestive point-set
notation is meant to reinforce this intuition. Of course, this requires interpretation: since geometric logic
is incomplete, a point-free space may not have any Set-based points. Here “x € X really refers to the
generic model of the corresponding theory, corresponding to the identity map id: X — X; when we reason
pointwise, we are thus using point-set notation as shorthand for reasoning with these generic models. For
more context behind the point-set notation, see [Moe88, Remark 5.3].

The main subtlety is that, since points are now T-models as opposed to mere elements of a set, maps
between point-free spaces are given by modifications of T-models via geometric constructions. Specifically,
these are constructions preserved under pullback along geometric morphisms, constituting a strict regime of
constructive mathematics we call “geometric mathematics” or “geometricity”ﬂ Here is the methodological
upshot: we may reason about point-free spaces using “point-set intuition” provided that the arguments we
make adhere to the constraints of geometricity (e.g. no invoking Law of Excluded Middle or other classical
principles). For additional details, particularly regarding the topos theory underlying Definition[I.3] we refer
to [VicO7a, Vic22].

This unusual marriage between topology and logic gives rise to a quite different regime of topology, what
we call point-free topologyE] In classical point-set topology, a space begins with an underlying set of points,
which is then equipped with additional topological structure. By contrast, point-free topology reverses the
order: the points are models of a geometric theory, and the theory itself determines the corresponding point-
free space through its classifying topos. In particular, the underlying set of points is no longer the primitive
data, but rather one manifestation of a richer geometric framework. It is this shift in perspective that allows

3More precisely, the associated space is represented by a pseudo-functor [T]: Top°® — AT , assigning to each Grothendieck
topos J its category of T-models; see [Joh02l Section B4.2] for details.
4Categorically, geometric constructions are built from finite limits and arbitrary colimits.
SThere are various usages of the term “point-free topology” in the literature (e.g. in locale theory, formal topology), but to our
knowledge these are all subsumed by the topos-theoretic definition — see e.g. [VicO7b].
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us to reconsider Question [I.T] without taking the underlying set of places as the starting point, in effect
pulling the problem away from the set theory.

1.3. Results. The present paper builds on previous work [NV22|INV23]], and applies descent techniques to
study the places of Q. A striking feature of our approach is that, rather than treating the places as a discrete
set of points, we ask how they might be characterised as a point-free space. To set up the main theorems of
this paper, we first review some of our previous results, fixing a few conventions along the way.

Convention 1.4. Throughout this paper, and unless stated otherwise, the term “topos” means Grothendieck
topos, while “space” and “map” mean point-free space and point-free map in the sense of Definition[I.3]

Convention 1.5. The term “geometric” is used in the sense of geometric constructions, as introduced above.
Moreover, all our main results are proved geometrically, i.e. we provide a constructive proof within geo-
metric mathematics valid over any elementary base topos 8 with nno.

Convention 1.6. Although Question[I.1]can be stated for general number fields &, this paper will focus on
the special case where K = Q.

A useful starting point is the Dedekind reals. In geometric logic, one can axiomatise the theory of
Dedekind reals, whose Set-based models recover the usual topological space of Dedekind reals [Vicl4]ﬁ
One of the main contributions of [NV22] was to show that one can, in the geometric context, define real
exponentiation as a point-free map.

Theorem A ([NV22]]). There exists an exponentiation map on the Dedekind reals
exp: (0,00) x R — (0, 00),
satisfying the usual exponent laws
261 = xcxc, 20=1
26¢ = (xC)C’, 2l =
(zy) =%y, 19=1.

The relevance of real exponentiation lies in its role in defining the places of QQ. Classically, an absolute
value on Q is defined as a multiplicative norm

[-[: @ = [0,00)
satisfying the triangle inequality. Each absolute value determines a metric completion of Q, giving rise to
the familiar local fields R and Q. It is therefore natural to ask when two absolute values determine the same

completion up to topological isomorphism. This turns out to have an elegant answer: two absolute values
| - |1, ] |2 determine isomorphic completions just in case there exists a € (0, 1] such that

=115 o [-a=]-]{.
A place is defined as an equivalence class of absolute values under this relation.
Our paper [NV25] re-examines this picture in the geometric context. We first show that the theory of
absolute values on Q can be axiomatised in geometric logicﬂ The geometric account of exponentiation

from Theorem [A] then provides the operation needed to formulate the equivalence relation defining places.
We then give a geometric proof of several Ostrowski-type theorems, in particular the following:

Theorem B ([NV25|, Theorem 5.8]). Let | - | be a non-trivial absolute value on Q. Then, one of the following

must hold:
(i) |- | =1-|% for some o € (0,1]; or
(ii) | -] =1- |;‘f0r some a € (0, 00) and some (unique) prime p € N ..

OThis is another departure from classical model theory, where Dedekind reals typically arise as types as opposed to models of
a first-order theory. The language of filters can be helpful in appreciating these different manifestations of the Dedekind reals; see
[Ng26l §1.1] for details.
7C0mpare this, perhaps, with the axiomatisation of globally valued fields in unbounded continuous logic [BYDHS24|].
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Moreover, the spaces of absolute values take the form
[ava] = (0,1] and [avn a5 p] = (0, 00),

where [ava] denotes the space of (non-trivial) Archimedean absolute values, and [avy a;p] denotes the
space of non-Archimedean absolute values associated to prime p.

This classification frames the strategy of the present paper. Rather than constructing the entire space of
places at once, we first isolate a single place and study its associated topos. As anticipated in Section [I.1]
one might expect each place to correspond to a singleton, carrying no further intrinsic structure. Our first
theorem confirms this expectation in the non-Archimedean case.

Theorem C (Theorem{d.10). For any non-Archimedean place of Q, let D denote its associated topos. Then,
D ~ §{x}.

That is, D is equivalent to the category of sheaves on a singleton, and so every non-Archimedean place is
represented by a singleton space.

However, here comes the big surprise. When we consider the Archimedean (i.e. the real) place, the topos
theory reveals a richer structure.

Theorem D (Theorem[5.9). Let D’ denote the topos of the Archimedean place of Q. Then,
PR

D’ ~ §[0, 1],
— —
where [0, 1] denotes the space of upper reals bounded between 0 and 1, and 8|0, 1] its category of sheaves.

Taken together, these results challenge the classical Arakelov picture of the places of Q as a kind of
one-point compactification of Spec(Z): while the non-Archimedean places are singletons by Theorem
the Archimedean place instead carries the structure of a blurred unit interval equipped with a non-Hausdorff
topology (Theorem [D)). Moreover, we emphasise that the topos of places should not be confused with the
Berkovich spectrum of Z: the latter parametrises absolute values themselves, whereas here we have already
passed to their equivalence classes defining places. In particular, unlike the Berkovich picture, the non-
Archimedean places define singletons in our setting.

What are the implications of Theorems [C|and [D] e.g. for arithmetic geometry? At this critical juncture,
our understanding is still incomplete and many interesting questions remain, some potentially quite deep.
Nonetheless, some partial answers are explored in the final two sections of the paper.

e Section [0] gives a topos-theoretic account of the differences between the Archimedean and non-
Archimedean places. In our language, the Archimedean place exhibits non-trivial forking in its
sheaves whereas the topos corresponding to a non-Archimedean place eliminates all forking be-
haviour. This is summarised in Conclusion [6.9]

e Section [/| is expository, and discusses some interesting points of contact with other work in the
literature. In particular, it brings into focus a theme that has implicitly guided our analysis thus far:
how do the connected and disconnected interact?
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2. PRELIMINARIES IN POINT-FREE TOPOLOGY

As mentioned above, there are two complementary ways of viewing a topos: one may study a topos in
terms of its objects (i.e. sheaves), or in terms of the geometric morphisms into it (viewed as generalised
points or models). The guiding methodology of this paper lies in leveraging these two perspectives against
each other. In particular, we mainly focus on localic spaces, a well-behaved setting where the connections
between point-free and classical point-set topology become especially transparent.

Section recalls the basic framework of localic spaces, introduces the localic reals and ISpec(Z)
as the key examples of our paper, and collects some technical results needed later, including the Lifting
Lemma[2.T1] Section [2.2]reviews standard and lax descent, reformulating the relevant constructions in the
language of point-free topology.

2.1. Localic Spaces. Logic plays a primarily background role in this paper, so we will be brief on the
details. At a high level, a first-order theory T is a formal description of a mathematical structure — a de-
scription built from specific logical connectives according to specific rules. This paper focuses on geometric
logic, a fragment of logic built out of finite conjunctions, arbitrary (possibly infinite) disjunctions, and ex-
istential quantification, whilst forbidding nested implications and universal quantification. Any first-order
theory T defined within geometric logic is called a geometric theory.

We can now unpack Definition [[.3] Recall that a point-free space is presented by a geometric theory
T, with its models play the role of points. Here, a T-model is a structure M satisfying the axioms of T.
The appropriate morphism between such points are the specialisation morphisms «: M — M’, given by
homomorphisms of T—modelsﬁ A map between point-free spaces is then given by a geometric construction
on models (Convention[I.5]), and such constructions are functorial with respect to specialisation morphisms.
This functoriality will play a key role in our analysis, particularly in Section [5]

2.1.1. Propositional Theories and Frames. A geometric theory T is called propositional if its signature has
no sorts — in other words, its axioms are constructed only from constant symbols, T (true), finite A and
arbitrary \/. This is directly analogous to the way the opens of a topological space are generated by finite
intersections and arbitrary unions, which is made precise via the notion of a frame.

Definition 2.1 (Frame).

(i) A frame is a complete lattice A possessing all small joins \/ and all finite meets A, such that the
following distributivity law holds

an\/S=\/{anblbe S} foracASCA
(ii) A frame homomorphism is a function between frames that preserves arbitrary joins and finite meets.

Clearly, the opens of any topological space X form a frame, which we denote as {2x. On the side of
logic, the Lindenbaum algebra of a propositional theory T — i.e. the lattice of its formulae modulo provable
equivalence — is likewise a frame. We denote the Lindenbaum algebra of T as (), and regard its elements
as the opens of the corresponding localic space. Moreover, if T and T’ are propositional, then a point-free
map between their associated spaces f: [T] — [T’] correspond to frame homomorphisms between their
Lindenbaum algebras f~': Qp — Qr (note the reversal of arrow direction). For details on the underlying
topos theory, see [VicO7al §2.2], [Joh02, C1.3-4].

2.1.2. Essentially Propositonal Theories. This paper works with a slightly larger class of theories. We call
a geometric theory T essentially propositional if its classifying topos is such that §[T] ~ 8[T'] for some
propositional theory T. Informally, this means that the space of T-models is equivalent to the space of T’-
models, even if a priori T has more expressive power than T. This motivates the following key definition:

Definition 2.2 (Localic Space). If T is essentially propositional, we call the space of its models a localic
space. Localic spaces form a category Loc, whose morphisms are the point-free maps. Whenever we wish
to emphasise that a theory need not be essentially propositional, we speak of a generalised space.

8Categorically, a T-model corresponds to a geometric morphism between toposes, and a specialisation morphism corresponds
to a geometric natural transformation.
6



Localic spaces occupy a conceptual sweet spot in point-free topology, and are the primary objects of
interest in this paper. On one hand, the connection with frames remains intact, and so many familiar topo-
logical notions continue to make sense in the localic setting. (In particular, sheaves on a localic space may
be characterised as étale bundles; we return to this point in Section[2.1.6]) On the other hand, the added flex-
ibility of allowing sorts provides a more natural language for describing mathematical structures of interest
to us, whilst still retaining the point-free character of the theory.

An important source of such theories is given by geometric theories whose sorts are free algebra con-
structions, such as N, Z or Qﬂ Here we will focus on two main examples: localic reals (Section , and
the coZariski spectrum ISpec(Z) (Section [2.1.5)).

2.1.3. The Localic Reals. This paper uses two different types of reals: Dedekind reals and the one-sided
reals. Both reals are built from the rationals but in different ways; this results in different topologies and
therefore different subtleties in their analysis.

Definition 2.3 (Dedekind Reals). The localic space R is a space whose points are the Dedekind cuts of Q.
Concretely, a point in R is a pair (L, R) of subsets of Q satisfying the axioms:

(1) L and R are inhabited, i.e. there exists ¢ € L and q € R;

(2) Ris a rounded upper set,i.e. ¢ € R <= there exists ¢ € R with ¢’ < ¢;

(3) L is a rounded lower set, i.e. ¢ € L. <= there exists ¢ € L with q < ¢/;

(4) L and R are separated as well as located,

gelL,re R=q<rm, and g<r=—q€Lorr € R.

Convention. We typically denote a point of R simply by z, rather than specifying the pair (L, R,). We
write ¢ < xtomeanq € L, and z < rtomeanr € R,.

Informally, a Dedekind real approximates a number from above and below. By contrast, a one-sided real
approximates the number from only one direction. Classically, the two notions are essentially equivalent;
in the geometric setting, however, they give rise to localic spaces equipped with different topologies (=
different Lindenbaum algebras). More explicitly:

Definition 2.4 (One-Sided Reals). There are two kinds of one-sided realsm

-
(i) The space of upper reals, denoted [—o0, 0], has as points the rounded upper subsets of Q.
—_

(ii) The space of lower reals, denoted [—o0, 00|, has as points the rounded lower subsets of Q.

The points of either space are subsets of (Q, and are therefore ordered by subset inclusion. We call this the
specialisation order, denoted C. For lower reals, this agrees with the usual numerical order:

zLly < z <y,

whereas for upper reals it is reversed:
zLy <= y<uz

The arrows in [—o0, oo] and [—oc0, 0o| are meant to indicate the direction of refinement under the speciali-
sation order. The specialisation order in turn induces the Scott topology on the respective spaces.

Remark 2.5. Of course, the term “specialisation order” reflects the fact that C defines the specialisation
morphisms between the points of the one-sided reals, as defined in the introductory remarks of Section[2.1]

By imposing additional axioms on Definition[2.3|one obtains the usual interval subspaces of the Dedekind
reals — e.g. requiring the left Dedekind section L to contain 0 gives the open interval of positive reals (0, 00).
Similarly, one can define intervals of one-sided reals, but there is an important subtlety: these subspaces
inherit the Scott topology from the original space, and must therefore be closed under directed joins along
the specialisation order. In other words, every one-sided interval must be closed at the arrowhead, and so

. . — «—
for instance we write [0, 1] — as opposed to (0, 1] — for the space of upper reals between 0 and 1.

9This marks another departure from classical model theory. In classical first-order logic, Lowenheim-Skolem implies that no
set of axioms can force a structure to be isomorphic to some fixed infinite model. In the presence of infinite disjunctions, however,
this is no longer the case — see [Vic07al §3.4], in particular the analysis of the geometric theory of N.
10Notice the definition allows the upper (resp. lower) reals to be empty, which correspond to co (resp. —oo).
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2.1.4. The Lifting Lemma. Although perhaps unusual to the classical mathematician, the one-sided reals
arise as natural examples of a well-known construction in domain theory known as rounded ideal comple-
tions [Smy77),[Vic93]].

Definition 2.6 (Rounded Ideal Completions). Let (Y, <) be a set equipped with a dense transitive order <EI
A subset I C Y is an ideal if it is downward closed and every finite subset of  has an upper bound in I. If
I,={d €Y |qd <q}
is an ideal for every ¢ € Y, we call (Y, <) an R-structure. The rounded ideal completion of an R-structure

is the space

RIdI(Y, <)
of all ideals of Y. RIdI(Y, <) carries a specialisation order C defined by subset inclusion, which in turn
determines the Scott topology on the space.

The terminology “rounded” is justified by the density of <: every ideal is automatically rounded in the
sense that for any g € S, there exists ¢ € S such that ¢ < ¢’. Moreover, the fact that < is not required to
be a strict order allows us to represent subspaces one-sided reals as rounded ideal completions, where Y is
some subset of (Q and < is the standard order < on (Q except possibly reversed or modified to permit edge
cases. This fact was used extensively in [NV22]. The most relevant example for us is the following.

Example 2.7. Denote Qg 1) := {¢ € Q|0 < ¢ < 1} and define z < y iff 2 > y or v = y = 1. Then

—

[07 1] = RIdl(Q(O,l]a —<)

—
Convention 2.8. By Example apoint vy € [0, 1] may be viewed either as an upper real in the usual sense
of Definition or arounded ideal I, € RIdI(Q(OJ], <) in the sense of Definition This paper will use
both representations interchangeably, depending on convenience.

The language of rounded ideal completions allows us to reduce many questions about the one-sided reals
to questions about the rationals, which are comparatively easier to work with. The following lemmas develop
this remark.

Lemma 2.9. Let f: X — Y be a map of (generalised) spaces. Then f preserves filtered colimits of points
f(c?é{]m x;) = C?g]m f(zi).
Proof. This translates [VicO7a, Theorem 1.37]. O
Lemma 2.10. Let RIdI(Y, <) be the rounded ideal completion of R-structure (Y, <). Then, the map
¥: Y — RIdI(Y, <) €))
qg—Ig={d €Y |d < d},
is an epimorphism of spaces.

Proof. Itis clear that the canonical map ) is well-defined since Y is an R-structure (and so I, is an ideal of
Y by definition). To show that %) is an epimorphism, suppose we have two maps g1, g2: RIdI(Y, <) — Z
such that g9 = go1b. Now every ideal I € RIdI(Y, <) can be represented as a directed join I = | ge1 Lo
which is a filtered colimit. Hence, apply Lemma [2.9|to compute

gi(I) = gl(qLGJ] I;) = colim gy (1) = colimgito(q)  and  ga(I) = colim ga1)(q)-

Since g1 09 =2 go 0 9 by hypothesis, it follows that g; =2 go, showing that ¢ is indeed an epimorphism. [
This sets up the following key lemma.
Lemma 2.11 (Lifting Lemma). As our setup,

e Let X be a space;

11Thus, whenever ¢ < ¢/, there exists ¢’/ with ¢ < ¢”” < ¢’. We emphasise that we do not require < to be a strict order.
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o Let (Y, <) be an R-structure.
Then, the epimorphism from Lemma[2.10)induces an equivalence between:

(i) Amap f: Y — X equipped with a system of transition maps
{eq’q: f(q,) - f(Q)}

where each 0, is a specialisation morphism between the corresponding points of X E| Moreover,
these transition maps are required to satisfy the following continuity conditions:
e (Cocycle condition). If ¢ < ¢’ < q then

ql_<q?

gq//q = eq/q [¢] eq”q’ N
e (Colimit condition). The induced map

04: colim f(q') — f(q)

q'<q
is an isomorphism.
(ii)) Amap f: RIdI(Y, <) — X.
Proof. We divide the proof into two main steps.

Step 1: Transforming the given map. Suppose f: Y — X is a map equipped with transition maps satisfy-
ing the continuity conditions of the lemma. For any I € RIdI(Y, <), the collection

{f(Q)}qEI

forms a filtered diagram: filteredness follows from the ideal property of I, while the cocycle condition
ensures that the transition maps are compatible. Since toposes possess all filtered colimits of their points
[Joh77bl Corollary 7.14], we may therefore define

f:RIAI(Y, <) — X (2

I — colim f(q).
qel

Conversely, suppose we have amap f: RIdI(Y, <) — X. We can then define a map
1Y —X 3)
q— ?([q)

where I, as in Equation (I). By Definition this assignment is functorial in q. Hence, since ¢ < ¢
implies I,y C I, in RIdI(Y, <), f sends this morphism between points to a morphism

Hq/q: f(q/) - f(Q) )
which defines a system of transition maps satisfying the cocycle condition. Finally, the colimit condition
follows by applying Lemma [2.9] which yields

colim £(¢') = Cgligl?(qu) > f(1y) = f(@).
Step 2: Proving equivalence. Suppose we are given f: Y — X. Following Step 1, define
g Yy —X
q— fov(q),
where f is defined as in Equation (2)), and ¢} is the epimorphism from Lemma Unpacking definitions,

: I\ ~v
9(a) = fovla) = fly) = colim f(q) = f(),
where the final isomorphism follows from the colimit condition. Thus, g = f.
12Categorical interpretation. Generalised points of X correspond to geometric morphisms into the topos 8[X], so the transition

maps here correspond an indexed system of geometric transformations between 8[ X |-valued geometric morphisms.
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Conversely, suppose we are given f: RIdI(Y, <) — X. Following Step 1 again, define
g: RldI(Y, <) — X

I — colim f(I,) .
qel

For every ¢ € Y, Lemma[2.9|gives
Go(q) = cglim?(fq,) >~ f(I,) = fo(q).

7'<q
Since 1) is an epimorphism by Lemma [2.10} this gives f 2 g, finishing the proof. t

Remark 2.12. The Lifting Lemma generalises [NV22, Lemma 1.29]: notice here we no longer require
X to be localic.

2.1.5. Localic Spectra. Let us revisit the discussion of Arakelov compactification from the Introduction.
Classically, the spectrum of a commutative ring R, denoted spec(R), is the set of prime ideals of R, equipped
with the Zariski topology. In the point-free setting, however, points and topology are specified simultane-
ously: a space is presented by a geometric theory T, whose models are its points and whose Lindenbaum
algebra is its frame of opens. Thus, to construct a point-free spectrum one must first choose an appropriate
geometric presentation.

There are two natural choices, corresponding to the Zariski and coZariski topologies [[Coll16, Joh77al.

Example 2.13 (The Zariski Spectrum). Let R denote a commutative ring with 1. The Zariski Spectrum
LSpec(R) for R is the space of prime filters of R. In Set, a prime filter is equivalently the complement of
a non-trivial prime ideal. Thus the classical points of LSpec(R) are the points of spec(R), with the usual
Zariski topology generated by

D(a) = {p € spec(R) | a & p}.

Example 2.14 (The coZariski Spectrum). The coZariski Spectrum ISpec(R) for R is the space whose
points are the prime ideals of R. Classically, its underlying set is again spec(R), but now equipped with the
coZariski topology generated by the sub-basic opens

V(a) = {p € spec(R) | a € p}.

Remark 2.15. As defined, LSpec(R) and ISpec(R) are generalised spaces, not necessarily localic. How-
ever, this paper will only focus on the special case R = Z. Since Z is a free algebra construction, this
justifies regarding LSpec(Z) and ISpec(Z) as localic spaces. For more details on the role of free algebra
constructions in defining geometric theories, see the discussion after Definition 2.2|or [VicO7al §3.4].

The upshot is that while LSpec(R) and ISpec(R) have the same classical points, their point-free presenta-
tions, and thus their respective topologies, are different. A key insight from [NV235] is that these topological
differences have strong implications for the point-free analysis of absolute values.

Discussion 2.16. The geometric theory of absolute values on Z has been axiomatised in [NV25, §2], and
thus has a corresponding point-free space (cf. Theorem . Define [avy] to be the space of absolute values
on Q satisfying the ultrametric inequality. In light of the Ostrowski’s Theorem [B] one expects a quotient
map

quot: [avy] — [placesy] 4)
sending an ultrametric absolute value to its corresponding place. However, if [places;;] = LSpec(Z), then
[NV25 Observation 5.12] points out that no such map exists. By contrast, the natural map

J: [avy] — ISpec(Z) Q)
| [ A{n]In| <1}

is well-defined, and can be easily checked to send both trivial and non-trivial non-Archimedean absolute
values to their corresponding prime ideals.

Discussion thus justifies the following convention.

Convention 2.17. Hereafter, the “space of primes of Z” means ISpec(Z), the coZariski spectrum.
10



2.1.6. Sheaves on Localic Spaces. Thus far, we have primarily viewed localic spaces as point-free spaces
in the sense of Definition [I.3] We now turn to their complementary description as categories of sheaves.
Since we shall move freely between these two perspectives, let us fix some notation.

Convention 2.18. Let T be a geometric theory. We write S[T| for its classifying topos, viewed as a category
of objects, and [T] for its corresponding space of models. Thus

F € 8[T|
denotes an object of the classifying topos (i.e. a sheaf), whereas
x € [T]
denotes a point (i.e. a geometric morphism into §[T]).
When we restrict to localic spaces, their sheaves have a particularly nice form: namely, as étale bundles.

Definition 2.19 (Etale Bundles). Let f: Y — X be a map of localic spaces.

(1) We call f an open map if its corresponding frame homomorphism
iy - Qy
has a left adjoint f satisfying the Frobenius reciprocity condition:
AUNFIV)) = AWO)AV,  forallU € Qx,V € Qy.

(i) We call f érale if the maps f and its diagonal A: Y — Y X x Y are both open. We call any étale
map with codomain X an étale bundle on X.

Discussion 2.20. Informally, a bundle p: Y — X is just a map but thought of in the opposite direction: for
each x € X, we define a fibre space p~*(z) over ac In the special case X = {x}, the canonical projection
f:Y — {x}is étale iff Y is a discrete space [JT84, Theorem V.5.1]. This gives rise to a useful slogan:

Etale bundles = Fibrewise discrete bundles.
One can also characterise sheaves of (generalised) spaces via the so-called object classifier.

Definition 2.21. The theory of objects, denoted O, has only one sort, with no function symbols, predicates
or axioms. Its defining property is that, for any topos &, models of @ in € are precisely the objects of £. We
denote its corresponding space as [Q], and call it the object classiﬁerm

For context and later quotation, the following fact summarises several equivalent characterisations of
sheaves on a localic space.

Fact 2.22. Let X be a localic space. A sheaf F' € 8§ X admits the following equivalent characterisations:

(i) A functor F': Q5 — Set subject to the standard gluing conditions;
(ii) A point-free map F': X — [O] from X to the object classifier.
(iii) An étale bundle f: Y — X.
(iv) A local homeomorphism f: Y — X.

Proof.

(1): This is the standard definition — see e.g. [Joh02, Example A.2.1.8].
(i) <= (ii): Denote FinSet as (a small skeleton of) the category of finite sets. By [Joh02, Example B3.2.9], the
functor category [FinSet, Set] satisfies the following property

Geom(&, [FinSet, Set]) ~ &

B point-set topology, one also requires the fibres to vary continuously over the base-point, which must be checked separately.
In point-free topology, continuity is automatic so long as one works geometrically. This is because if the generic fibre p~*(z) is
constructed geometrically, then it is preserved by pullback and thus extends continuously over all points in X; see [Vic22| §9].
14Warning: not to be confused with the subobject classifier, which is a single object living in each topos €. By contrast, the
object classifier [Q)] is a generalised space parametrising all objects in all toposes.
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for any topos €. Moreover, [FinSet, Set] is equivalent to the classifying topos of @ [VicO7al, Ex-
ample 1.74]. Thus an object of 8X is equivalently a point-free map X — [O], justifying the name
“object classiﬁer”
(i) <= (iii): This is [JT84) Proposition VI.3.3].
(ili)) <= (v): See [VicO7a, Proposition 1.49]; for the relevant definition of local homeomorphism in this context,
either read the statement of the cited Proposition or see [Joh02, C1.5].

0

Since étale bundles are fibrewise discrete (Discussion[2.20)), one easily checks that Fact[2.22]implies:
Corollary 2.23. S{x} = Set.

Finally, we apply the Lifting Lemma to obtain yet another characterisation of the sheaves on the
7
upper real interval [0, 1]. This will later play a key role in our analysis of the Archimedean place.

-
Observation 2.24. Let F' € 8[0, 1]. Then, F' can be equivalently characterised as:

—

(i) F'isasheafon [0, 1];
i
(i) F:[0,1] — [O];
(iii) F": Q(o,1) — [O] is a map satisfying the continuity conditions of Lemma[2.11]

-
Proof. The equivalence of (i) and (i) is Fact For (ii) <= (iii), use the isomorphism [0, 1]
RIdI(Q(g,1], <) from Example[2.7} together with the Lifting Lemma

O m

2.2. Descent in Topos Theory. By way of motivation, consider a discrete set X and a discrete group G
acting upon it. Classically, the quotient is obtained by identifying the set of points lying in the same orbit:

X/G :={Orb(z) |z € X}.

For point-free spaces, a direct translation is complicated by the fact that generalised points live in different
toposes. One could attempt to recover the above picture by restricting to just the classical points (i.e. the
Set-based models), but these are in general insufficient to capture the geometry of the entire space — and in
fact, may not exist at all.

Descent techniques supply the appropriate analogue: from a suitable diagram of spaces, they produce
a new space realising the desired quotient together with its induced geometric structure. From the topos-
theoretic perspective, this corresponds to constructing certain finite colimits in the 2-category of toposes
Top; see [Joh02l B3.4]. This section recalls the standard and lax descent constructions, together with
Moerdijk’s Stability Theorem Much of the material is standard [JT84, Moe88]|, except that we recast
the constructions in the language of point-free topology.

Convention 2.25. Caligraphic letters &, &’ ... denote generalised spaces, and 8&, 8&’ ... denote their corre-
sponding categories of sheaves (cf. Convention [2.1§). A point-free map of spaces

fie—¢

corresponds to, under the point-free space/topos correspondence, to a geometric morphism whose inverse
image functor we denote by

f*. 88" — 8¢.
Note the reversal of arrows, mirroring the frame homomorphisms in Section "% When restricting to

localic spaces, we use standard capital letters X, Y, ... and $X,8Y for their corresponding categories of
sheaves. We write Loc for the category of localic spaces.

I5For those interested in the topos-validity of our analysis: any 2-category BT op /S of bounded toposes over 8 has an object
classifier so long as 8 is an elementary topos with natural number object [Joh02, Theorem B4.2.11].
16gee [Vic22] for details, in particular the discussion on why classifying toposes may be regarded as generalised frames (what
Vickers calls “Giraud frames”).
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2.2.1. Standard Descent. A 2-truncated simplicial space €4 is a diagram of (generalised) spaces of the form

do do
— ! — !
€2 — &1 57— o (6)
\‘ﬁ){ ~_ 7
c/l\g dy

We require that the maps in Equation (6) commute up to isomorphismm

Construction 2.26 (Standard Descent). Given any 2-truncated simplicial space &,, passing to the corre-
sponding category of sheaves yields the diagram

dg dg
L~ L~
8€r ¢—— 8&1 —— 8& . (7
1&/ d/
3 di

The universal descent cocone of Diagram (7)) is a pair (Des, p*), whereby:
(1) Des is the descent category, defined by
Objects: (F,0), where F is an object of 8&y and 6 : dj(F) — dj(F), also known as the
descent data, is an isomorphism satisfying the identities
(i) (Unit Condition). sj(0) = id;
(ii) (Cocycle Condition). JS(G) o c/l\z(ﬁ) = d3(6).
Morphisms: «: (F,0) — (F', &), where u: F' — F’ is a morphism in 8& that is compatible
with the descent data, i.e. dj(u) o 6 = & o djj(u).
(2) p* is the forgetful functor
p*: Des — 8&
(F,0) — F

Remark 2.27. The claim that (Des, p*) defines the universal descent cocone of Diagram (7)) follows from
the standard theory of descent. Although Des as defined above is just a category, it is in fact a topos; see
[Moe88, §3]. One then checks that p* is the inverse image functor of a geometric morphism p: €y — Des,
and that (Des, p) defines the pseudo-colimit of Diagram (7)) in Top (the 2-category of toposes)m

Remark 2.28. By Remark [2.27, Des defines a topos; it therefore classifies a geometric theory. Hence,
translating Construction back into the language of point-free topology, we obtain a cocone

p: 8. — [TDes]> (8)

where [Tpes| denotes the point-free space corresponding to the descent topos Des. Informally, [Tpes] may
be viewed as the coequaliser of dy and d;, subject to the additional descent conditions encoded by the
simplicial structure.

Two main examples of Construction[2.26| will be important for this paper. The first revisits our motivating
example of quotienting a space by a group action.

Example 2.29 (Descent Topos of a Groupoid). Let G := (G, G1) be a groupoid in Loc, with domain,
codomain, unit and multiplication maps

TN s

G1 XGy G1 —5— G1 +—5— Go ©)
u Y
™0 1

For context on why things only commute up to isomorphism, see Discussionm
18 4side. One should take care to distinguish here between the inverse image functors, which reverse the direction of the
corresponding maps, and the geometric morphisms themselves. The latter are the morphisms in Top with respect to which the
colimit is formed, and hence point in the same direction as the corresponding point-free maps.
13



Here the pullback is taken along dy and d;; such pullbacks always exist [Joh0O2, Theorem B4.1.1]. The
groupoid axioms ensure that G determines a 2-truncated simplicial space, and hence Construction [2.26]
produces a descent topos, which we denote BG.

Remark 2.30. Notice the colimit here is taken in the 2-category of toposes Top, and not in Loc (or in the
corresponding category of localic toposes). In particular, although G is a diagram of localic spaces, the
descent topos itself may not be localic; see Theorem [2.36

Discussion 2.31. The point-free space [Tpg] corresponding to BG is equipped with a canonical cocone
from the simplicial Diagram (9), and in particular coequalises the maps dy and d;. In the language of
(generalised) points, let g be a point of (77 and write

x :=dy(g) gr :=dy(g) .
In this sense, g may be regarded as an arrow from x to gz. The multiplication map
m: G1 xg, G1 — G4

encodes composition of such arrows, while the unit and inverse maps give the identity and inverse arrows.
Consequently, the coequaliser [T'p] identifies the source and target of every arrow: p(x) = p(gz). In this
sense, [Tpg] may be viewed as the universal space in which the Gy-action on Gy is identified, and thus as
the quotient space of GGy by the G1-action.

The second example demonstrates how descent isolates important structure-preserving properties of
point-free maps between spaces.

Example 2.32 (Cech groupoid). Let ®: & — & be a map of (generalised) spaces. Its Cech groupoid is the
diagram below constructed via iterated pullbacks

o1
™0
T —
& xp & xg & T2y el w8 B g 2y (10)

\_/\_71-/(

12

Here, the diagonal map A: &’ — &' x¢ &' sends x — (z, x); the remaining arrows are the evident projection
maps, e.g. mo1(xo,x1,22) = (zo,x1). Diagram (I0) is clearly a 2-truncated simplicial space — in fact, a
groupoid, with the inverse map given by interchanging the two projections. Applying Construction [2.26|
therefore gives a descent category, which we denote by Des(®).

Definition 2.33 (Effective Descent). Continuing with Example 2.32] the inverse image functor
o*: §& — 8¢’ (11)

induces a comparison functor x : S€ — Des(®) such that the diagram below commutes

SE X Des(®)

N

where U is the forgetful functor U (F,0) = F. We say that ® satisfies effective descent when the induced
functor  is an equivalence.

The usefulness of Definition lies in the fact that the abstract descent topos can be hard to identify
in general. When ® satisfies effective descent, the descent topos is equivalent to a topos whose structure
we already understand, thereby streamlining the analysis. This motivates a fundamental theorem of Joyal—
Tierney, which identifies a broad class of morphisms for which effective descent is guaranteed.

Theorem 2.34 ([JT84, Theorem VIII.2.1]). Open surjections of toposes are effective descent morphisms.
14



Remark 2.35. For later reference, let us translate Theorem [2.34] to the localic setting. A localic map
f:Y — X is an open surjection precisely when the corresponding frame homomorphism

1 Qx — Qy

is injective and admits a left adjoint satisfying the Frobenius reciprocity condition of Definition By
[Joh02, Prop. C1.5.1 and Theorem C1.5.4], this frame-theoretic characterisation is equivalent to the associ-
ated geometric morphism being an open surjection.

Remarkably, the reach of these ideas goes considerably further. An important discovery of Joyal-Tierney
shows that descent provides a presentation of arbitrary toposes in terms of localic groupoids. Recall that an
open localic groupoid G is one whose dy, d; maps are open (in the sense of Definition [2.19).

Theorem 2.36. For any topos &, there exists an open localic groupoid G such that
&~ BG.

Proof. Joyal-Tierney prove in [JT84, Theorem VIII.3.2] that every topos equivalent to the category of étale
G-spaces for some open localic groupoid G. On the other hand, Moerdijk [Moe88| §4.2 and §5.2] identifies
the category of étale G-spaces with the descent category BG. ([l

Discussion 2.37 (Descent and Automorphisms). Let us pause to appreciate Theorem It tells us all
toposes arise as the descent category of some open localic groupoid GG. As remarked by Johnstone [Joh02]
C5.1], this resonates with an informal picture, dating back to Grothendieck’s work on étale cohomology
of schemes, that a topos is “a space whose points have enough internal structure to allow them to possess
non-trivial automorphisms”.

The groupoid presentation makes this intuition precise at a structural level: G records the underlying
space, while GG records additional isomorphisms between its points. In the special case where the groupoid
is the trivial groupoid on a locale X, there are no such isomorphisms, and BG ~ 8X is localic|”’| By
contrast, if we consider a connected atomic topos S€ with a global point ¢: Set — SE&, then one can show
that S€ ~ BG, where G is the localic group of automorphisms of the point ¢ [Joh02, Remark C5.2.14(c)].

2.2.2. Working Internally and Base-Change. The preceding constructions are compatible with base-change.
Let : X’ — X be a localic map, and write Loc(X) for the slice category of localic spaces over X.
Pullback along ® gives a functor

®#: Loc(X) — Loc(X').

Thus, if G is an open localic groupoid internal to Loc(X), then pulling back its structure maps along ®
gives an open localic groupoid ®# (@) internal to Loc(X’). The descent construction of Example
applies equally well in this internal setting; we write B(8X, ) for the resulting descent topos. Moerdijk’s
stability theorem then says that this construction commutes with base-change.

Theorem 2.38 (Moerdijk’s Stability Theorem [Moe88|, Theorem 6.7]). Let ®: X' — X be a map of localic
spaces, and let G be an open localic groupoid internal to Loc(X). Then, there is a canonical equivalence

B(8X' o7 (@)) = 8X' xsx B(8X,G) .

In Moerdijk’s original statement of Theorem Loc(X) is taken to be the category of internal locales
in the topos 8 X, but this can be shown to be equivalent to the slice category of localic spaces over X [Joh02]
C1.6]. This gives a concrete point-free interpretation of working internally to a topos, which we shall use
throughout the paper. The following convention develops this point-free picture to identify an important
methodological principle, already used in [NV22].

1970 see why, compare the characterisation of BG as the category of étale G-spaces [Moe88| §5.2] with the characterisation of
sheaves on a localic space as étale bundles (cf. Fact.
20Establishing the existence of such pullbacks requires work: it cannot in general be obtained simply by applying the inverse im-
age functor ®* to an internal locale L. Rather, one has to construct ®# (L) explicitly, e.g. via the technology of frame presentations
[Moe88| §1.6] or GRD-systems [VicO4] §5].
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Convention 2.39 (“Fixing ). Suppose we wish to construct a map with multiple arguments, such as
f[T] % [U] — [U].
We shall often say “fix € [T]”, before constructing a map
for U] — [U').

Formally, fixing 2 means working over [T], or equivalently, internally to the topos S[T]. Thus f, corresponds
to a morphism

(p, £)+ [T] x [U] — [T] x [U]
over [T], where p denotes the projection to [T]. Equivalently, it is a morphism in the slice category Loc([T]):

x [U] ) (M) x [U]
S A
(1]

Further context can be found in [Vic22, §9].

[T]

2.2.3. Lax Descent. There is also an important variant of Construction [2.26|known as lax descent.

Construction 2.40 (Lax Descent). Given a 2-truncated simplicial space &,, the lax descent category of E,,
which we denote LDes, is defined exactly as Des of Construction except that the descent data 6 is no
longer required to be an isomorphism.

The following remarks clarify the distinction between standard vs. lax descent by examining the signifi-
cance of requiring the descent data to be an isomorphism.

Remark 2.41 (Coinserters vs. Coequalisers). Let C be a category, and consider the following diagram in C:

f
A Ti B (14)
The coequaliser of (f,g), when it exists, gives the universal morphism h: B — C satisfying hf = hg.
A weaker (and less familiar) construction is the coinserter of (f,g), which gives the universal morphism
h: B — C equipped with a2-cell hf — hg. In particular, unlike the coequaliser, the 2-cell of the coinserter
is not required to be invertible.
In our setting, the standard descent may be regarded as a (pseudo-)coequaliser in Top subject to the
relevant descent conditions, whereas lax descent realises the corresponding (pseudo-)coinserter. The two
constructions therefore agree in some cases, but differ in general.

Discussion 2.42 (Standard Descent & Group Completion). Consider an internal category M in the topos

Set which we represent as
— —

My M, Mo (15)
~_ 7 ~_ 7
where the arrows commute in the obvious way. We may therefore regard M as a discrete monoid acting on
the set My. Unpacking Remark [2.41] the lax descent construction retains the monoid action, whereas stan-
dard descent forces the action maps to become invertible and thus replaces the monoid by its groupoid/group
completion; see [Joh02, Example B3.4.14].

This association of standard descent with group completion is suggestive, particularly because group
completion sometimes entails a loss of information — a well-known example is the monoid (N U {oc}, +),
whose group completion trivialises since n+o0o = oo for every n. This alerts us to the same possibility when
applying standard descent: namely, that requiring the descent data to be invertible may collapse important
distinctions preserved by lax descent.

Remark 2.43. It is natural to ask if LDes is a topos, just as in Construction [2.26f? The answer is yes,
although the result appears to be folklore; see [Joh0O2, Remark B3.4.10] for some details. In any case, we
note that our Theorem D] gives a direct proof that our lax descent category of interest is indeed a topos.
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3. THE GLOBAL PICTURE

Section[I|gave the number-theoretic context, and discussed the subtleties in reconciling the non-Archimedean
and Archimedean aspects of the picture (Question [I.T)); Section [2]laid the topos-theoretic groundwork for

this paper, with particular emphasis on the point-free perspective. This section now brings these perspectives
together by constructing the topos of places of Q.

Recall that an absolute value is a map

[+1: Q — [0,00) (16)

that is multiplicative, positive definite (i.e. |z| = 0 iff z = 0) and satisfies the triangle inequality. This was

axiomatised in [NV25| §2] by an essentially propositional geometric theory. Thus, following Definition[2.2]

its corresponding point-free space, denoted

[av]

is a localic space. Next, given two absolute values | - |1, | - |2, define an equivalence relation ~ where

|11~ |2 < Jae(0,1] <|x!? = |z| or |z|§ = |x|1, for all non-zerox € Q). (17)

An equivalence class with respect to ~ is called a place. As it turns out, two absolute values belong to the

same place if and only if they yield homeomorphic completions of Q Moreover, notice that exponentiation

satisfies the obvious unit and associativity identities

with (0, 1] as the obvious interval of Dedekind reals. The projection map 7 sends (o, | - |) — | -
map exp sends («a, | - |) — | - |*. The unit map is given by s(| - |) = (1,] -

=l ad (P = foranya,de (01] (18)

Let us reformulate this data as a 2-truncated simplicial space:

/02\4 /‘W\l
(0,1] x (0,1] x [av] —3 (0,1] x [av] ¢—— [av] , (19)

~_ 7

™12

, while the
), while 7o, 712 are the obvious

projections. Finally, the map m X id records composition of exponentiations, so that

(@ [-1); (AT 1%) = (@A [ - ])

The unit and associativity identities (18)) ensure that these maps satisfy the required simplicial identities.

Let us briefly verify Diagram is well-defined. Both the absolute values and the interval of Dedekind

reals (0, 1] are axiomatisable by a geometric theory, and thus each determines a point-free space by the

Structure Theorem [I.2] Their products and pullbacks exist in the category of point-free spaces by [Joh02]

Theorem B4.1.1]. Finally, the exponentiation map

exp: (0,1] x [av] — fav], (e, [-[) —[-]%,

is a point-free map because real exponentiation is geometric (Theorem [A). Combined with the simplicial
identities given by Equation (18)), conclude that Diagram (19)) indeed defines a 2-truncated simplicial space.
Consequently, and importantly for us, its lax descent topos exists.

Definition 3.1 (Topos of Places). Let P denote the lax descent topos associated to Diagram (19). We call P
the topos of places, and write

[places]

for its corresponding point-free space.

2lEor the constructive mathematician: this is not only true classically, but geometrically as well, but we omit the details here.
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We now have the existence of a topos of places, giving the beginnings of an answer to Question[I.1] from
the topos-theoretic perspective. The next action item would be to characterise its corresponding point-free
space of places. Sections 4] and [5]analyse its Archimedean and non-Archimedean aspects separately, before
comparing their sheaf structure in Section [6]

4. NON-ARCHIMEDEAN PLACES

We now analyse the non-Archimedean places. Following the conventions of [NV25]], an absolute value
|-]: Q —[0,00)

is called non-Archimedean if there exists a (unique) prime p € N such that |p| < 1 Applying Ostrowski’s
Theorem [B] we obtain the following basic observation.

Observation 4.1. Fix some prime p. Let | - | be an non-Archimedean absolute value such that |p| < 1.

(i) For every a € (0,00), the absolute value | - |* is again non-Archimedean, with |p|* < 1. In
particular, exponentiation defines a group action of (0, co) on the space

[avn a; D]

of non-Archimedean absolute values satisfying [p| < 1.
(ii) There is a unique v € (0, 00) such that

=101
where | - |, is the standard p-adic absolute value. In particular,
[CLUNA;p] = (0,00)

As written, Observation[4.1]is standard elementary number theory; we state it explicitly to emphasise that
Theorem [B] ensures that it also holds geometrically (in the sense of Convention [I.5). This yields two main
consequences that will be important for this section.

e [tem (ii) of the Observation says the non-Archimedean absolute values naturally decompose into
a family of subspaces (0, c0) indexed by the primes, where each (0, 00) parametrises all absolute
values belonging to the same non-Archimedean place. This justifies “localising” Diagram and
analysing the non-Archimedean places prime by prime.

e [tem (i) invites us to review the decision to define the topos of places using lax descent (Defini-
tion . Globally, exponentiation gives a monoidal action of (0, 1] on absolute values, making lax
descent the natural choice. Once we restrict to a single prime, however, exponentiation of absolute
values extends to a group action of (0, c0). Thus we may replace lax descent by standard descent in
the non-Archimedean case; see Discussion[2.42

4.1. Local: At single p. Throughout this subsection, we fix the following hypothesis.

Hypothesis 4.2. Denote ISpeC(Z)#O) as the space of non-trivial prime ideals of Z, i.e. prime ideals that
possess a non-zero integer. We shall fix a single

p € ISpec(Z)(p)-
By [NV25, Lemma 1.14], this is equivalent to fixing a prime p € N, obtained by p = (p)lf_ﬁl
By Observation [4.1] fixing a prime p identifies a single family of non-Archimedean absolute values
[av a5 p] = (0, 00),
on which the group (0, 00) acts by exponentiation. Under the parametrisation

=117,

22ZNotice this excludes the trivial absoute value.
Bwe quote this lemma explicitly to indicate there exists a geometric proof of this elementary fact. We remark that p = (p) does
not come for free since the standard proof (see e.g. [vdW91l §3.7]) is not geometric — see [NV25| Remark 1.15] for details.
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this action is simply multiplication
(07
B ()" =11
This suggests the following “localisation” of Diagram (19):

Construction 4.3. Define the localic groupoid N as
((o,oo) X (o,oo)) % (0,00) —— (0,00) X (0,00) +—— (0,00) . (20)

Here 7(a, B) = [ is the target map and M(«, ) = « - 3 the source map. The unit is s(8) = (1, ),
while m, g, 71 are the multiplication and projection maps implementing composition. We call N the action
groupoid associated to the localic group (0, co) acting on the space (0, c0).

Construction [4.3]leads to the following key definition, and sets up the main test problem of this section.

Definition 4.4 (Non-Archimedean Place). Define D := BN to be the descent topos corresponding to the
groupoid IV in Construction Call D the ropos of the non-Archimedean place associated to prime p.

Problem 4.5. Give a useful characterisation of D.

Discussion 4.6. Some orienting remarks. On the topos-theoretic side, Construction ensures that D
is well-defined and is in fact a topos. On the number-theoretic side, the space (0, c0) parametrises the
non-Archimedean absolute values associated to the prime p. The action groupoid N records the fact that
these absolute values are identified under the M-action by (0, c0), and hence belong to a single place. Thus
the descent topos D may be regarded as a point-free representation of the corresponding non-Archimedean
place, justifying the terminology above.

In what follows, we work to improve our understanding of [Typ], the (quotient) space associated to the
topos D. To start, observe that G represents a free transitive action of (0,00) on Gy, and so there only
exists a single GG1-orbit on Gy. Combined with the previous discussion of toposes as generalised spaces
whose points may carry non-trivial automorphisms (Discussion [2.37), the following guess is reasonable.

Guess 4.7. [Tqp] is the singleton space {x}, with (0, 00) as the group of automorphisms acting on {x}.

Very interestingly, Guess turns out to be wrong. The fundamental reason behind this has to do with
the misplaced expectation that the quotient space ought to possess non-trivial automorphisms. As a baseline
observation: non-triviality of the (G1-action does not imply non-triviality of the quotient space — for instance,
BG ~ Set for any connected localic group G (see Example[7.1). A similar issue arises in our setting:

Theorem D ~ Set. Or, equivalently, [Tp] = {x}.

In other words, the quotient space [T'p] is trivial: it is the singleton {*} with no non-trivial automor-
phisms. Comparing our groupoid GG with the previous example, one might then suspect that the connect-
edness of (0,00) is the main culprit behind the trivialisation, but this is again a red herringE] In fact,
Theorem [4.10] follows from a more general result:

Theorem 4.8. Let G be a localic group acting on a localic space M. Consider its action groupoid, denoted
H, depicted below with the obvious maps:

02
/—\ /_77\/1
GXGXMWGXMTM. 21
\_/r ~_ "
T2 M

24The original proof of Theorem did in fact rely on the observation that (0, co) is a locally-connected connected space,
but that approach required a fairly lengthy analysis of the sheaves on M. Some of this analysis has been repurposed by Section [6]
which compares the sheaves of the Archimedean and non-Archimedean topos.
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Now suppose:

o The unique map p: M — {x} is an open surjection; and
e (G induces a free transitive action on M, in the sense that

(m,M): Gx M — M x M (22)
(gam) — (mvgm) )
is an isomorphism.
Then,
BH ~ Set.
Proof. Following Example , construct the Cech groupoid V of p: M — {x} as below:
o1
By
Mx MxM 25 Mx M +=

\—/\7?0/’

T2

M —2 {x} . (23)

Let BV denote the descent topos associated to this (localic) groupoid. By hypothesis, M LN {*} is an open
surjection, and thus satisfies effective descent by Theorem[2.34] Hence, deduce that

BV ~ Set. 24)

On the other hand, given any localic groupoid L := (L, L1), its corresponding descent topos BL may
be equivalently characterised as the category of étale L-spaces, whose objects are étale bundles LN
equipped with an L;-action

L1 X Lo FE = E
satisfying the usual axioms; see [Moe88| §5] for details. Applying this characterisation to our localic
groupoids V' and H, we see that the objects of BV and BH are both étale bundles

E L M,

equipped, respectively, with an M x M-action and a G X M -action.
By hypothesis (22)), the free transitive action of G on M yields an isomorphism of spaces

(W,M):GxMiMxM.

A routine check shows that this isomorphism is compatible with the groupoid structure. [For example, to
see that (7, M) is compatible with the source and target maps, notice it makes the inner and outer triangles
of the diagram below commute

% . (25)

since its definition yields the identities
m(g,m) =m = mo o (m, M)(g,m)
M(g7m) =g-m=1m10 <7T7M>(gam)
A bit more work shows the corresponding identities for the unit and multiplication maps.] In other words,

the given isomorphism (22) transports the M x M action on étale-bundles over M to a G x M-action (and
vice versa). This yields the equivalence of toposes

BV ~ BH. (26)
Combined with the earlier equivalence (24)), we thus obtain
BH ~ Set .

O
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Discussion 4.9 (On the hypothesis “open”). The locale theorist may ask: why did we require M LN {x} to
be an open surjection in Theorem [4.8]? After all, as Borceux proves in [Bor94, Example 1.6.5¢], the unique
map L — {x} is open for any given locale L. This appears to indicate that the additional hypothesis of
openness is unnecessary.

The issue is that Borceux’s proof is classical. Recall that €2, i.e. the frame of opens on {x}, corresponds
to the frame of truth values. In his argument, Borceux identifies this with the classical frame of Boolean
truth values Q2 = {_L, T}, a move which implicitly uses Law of Excluded Middle. In particular, while it is
classically true that the unique map L — {x} is open for any locale L, constructively this is not the case;
see [Vic09, §6.2]. Since we want our result to be topos-valid, this justifies our original hypothesis.

As an application of Theorem 4.8] we obtain the more quotable result:
Theorem 4.10. D ~ Set. Or, equivalently, [Tp] = {x}.

Proof. We emphasise that our proof is geometric (in the sense of Convention [I.5). Recall that D is the
descent category associated to the action groupoid N from Construction Examining the hypotheses of
Theorem 4.8| it thus suffices to show that:

(a) The M-action of N is both free and transitive;
(b) The unique map !: (0,00) — {*} is an open surjection.
For Condition (a), construct the inverse to the canonical map (7, M) as below:

v: (0,00) x (0,00) — (0,00) x (0, 00)
(,y) — (ya~", x).

A straightforward computation verifies that (7w, M) and v are indeed inverses, yielding the desired isomor-
phism. For Condition (b), we invoke Vickers’ framework of generalised metric spaces. A localic space Y
is called overt if its unique map !: Y — {x} is open. Since R is the localic completion of a generalised
metric space, it is overt by [Vic09, Corollary 6.9]. Since (0, 00) < R is an open subspace, and overtness
is preserved by open subspaces, (0, c0) is overt as well. Stated more plainly, the map !: (0,00) — {x} is
indeed open. Finally, ! is a surjection since it admits a section

si{x} = (0,00)  {x}— 1.
Why? Notice ! o s = idy,, in Loc, which yields s~ lol™! = idg, at the level of frame homomorphisms.
That is, ! ~! is a split monomorphism in Frm, and so ! defines a surjection as per Remark g

4.2. Global: Over all p. Per the definitions of [NV25l, an ultrametric absolute value | - | is one which
satisfies the ultrametric inequality |x + y| < max{|z|, |y|}. This includes the non-Archimedean absolute
values (= the non-trivial ultrametric absolute values) as well as the trivial absolute value | - |o given by
|z| = 1 for every = # 0.

By Theorem each ultrametric place (including the trivial place) corresponds to a singleton — as
classically expected. Combined with Discussion this suggests that the space of ultrametric places
ought to correspond to ISpec(Z). However, perhaps surprisingly, we presently do not know how to justify
this identification geometrically. This has to do with topological subtleties in reconciling the trivial and
non-trivial ultrametric absolute values, which was already an issue even before quotienting [NV25| §6].
Nonetheless, we can still recover the expected picture after removing the trivial place: the space of non-
Archimedean places is precisely ISpec(Z)o.

To see this, recall that action groupoid /N in Section was constructed after fixing p = (p). In the
language of Convention @ this means we were working internally within the topos S(ISpec(Z)(g))-
To recover the entire space of non-Archimedean places, we externalise the descent construction. Start by
constructing the pullback diagram of spaces

d#(N) —— N
l @7
ISpeC(Z)?g(O) L {*}
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where ®: ISpec(Z)..) — {*} denotes the unique terminal map in Loc. We define the topos of non-
Archimedean places as

S[placesy 4] := B(8(ISpec(Z) (o)), d#(N)).
We shall regard this topos as the category of sheaves on some space [placesy 4]. The following theorem
verifies that we obtain the expected characterisation.

Theorem 4.11. [placesy 4] = ISpec(Z)(g).
Proof. We divide the argument into two stages.

Step 1: Open Groupoid. We claim that the action groupoid N of Construction (4.3|is an open groupoid, i.e.
its source and target maps are open. Consider the Cech groupoid of p: (0,00) — {x}, as in Diagram (23).
Its source and target maps are the two projections, arising from the pullback

(0,00) x (0,00) SELLEN (0, 00)

| o (28)
(0,00) ——"—— {*}
Since p is open and open maps are stable under pullback [JT84, §V.4], deduce that g, 71 must also be open.
Next, by the free-and-transitive condition established by Theorem 4.10] the map
(m, M): (0,00) x (0,00) — (0,00) x (0, 00)
is an isomorphism. Moreover, examining Diagram (23), this isomorphism satisfies the identities
T = mg o {m, M) M =m0 (m,M).

Since isomorphisms are open, and compositions of open maps are open, it follows that 7, M are also open
— which are precisely the source and target maps of the action groupoid V.

Step 2: Base-change. Regard N as a localic groupoid internal to the topos Set. By Step 1, /N is an open
localic groupoid. Hence, we can apply Moerdijk’s Stability Theorem [2.38]to obtain the equivalence

B(8(ISpec(Z) 4 (), ¥ (N)) == 8(ISpec(Z) 4 (0)) Xset B(Set, N) .
By Theorem , we know that B(Set, N') ~ Set. In the language of point-free space, this yields
[placesy 4] = ISpec(Z) £y % {*} = ISpec(Z)4(o) -

5. THE ARCHIMEDEAN PLACE

This section characterises the Archimedean place. Per the definitions of [NV235[], an Archimedean abso-
lute value is one which is not non-Archimedean; this technically includes the trivial absolute value. Nonethe-
less, we exclude the trivial absolute value by fixing the following hypothesis:

Hypothesis 5.1. Unless stated otherwise, an “Archimedean absolute value” means a non-trivial Archimedean
absolute value, i.e. an absolute value | - | such that |n| > 1 for some non-zero integer n. Denote [av ] as
the space of non-trivial Archimedean absolute values.

The prototypical example of an Archimedean absolute value is the Euclidean absolute value |- |, defined
[n|oo :=n foralln € N.
In fact, by Theorem B] we know that
[ava] = (0,1,
with 3 € (0, 1] corresponding to the absolute value
=1l
Thus exponentiation acts on the parameter S by multiplication:
(0%
= (118) =1
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Hence, playing the same game as in the non-Archimedean case, we reformulate the algebraic action of
exponentiation on [av 4] as below.

Construction 5.2. Define the following diagram in Loc.

/\ /”\l
((0, 1] x (0, 1]) X (0,1] —— (0,1] x (0,1] 4—— (0,1] 29)

\_/ \_/
12 M

where the maps are defined analogously to those in Construction 4.3] with
m(a,B) =8,  M(a,B)=ap.

The set-up is analogous to the non-Archimedean case, with one crucial difference: the action is not
invertible. Indeed, the action cannot be extended to o > 1, since already for the Euclidean absolute value

I1+1|S =2%>2=13 + |1|%.

In other words, | - |, fails the triangle inequality for every o > 1, and thus no longer defines an absolute
value.

This technical distinction matters. As pointed out in Discussion the standard descent construction
freely inverts the arrows of the groupoid, whereas here we wish to retain the non-invertibility of the (0, 1]-
action. We are thus led to use lax descent.

Definition 5.3 (Archimedean Place). Define D’ to be the lax descent category of Diagram (29). Call D’ the
topos of the Archimedean place. Denote [Tqy] to be the corresponding space of D'.

As in the non-Archimedean case, the diagram suggests regarding [T/] as a quotient of (0, 1] by the
exponentiation action. It is thus natural to wonder if we get the same result as before, i.e. if [Tq/] also
corresponds to the singleton space {«}. It does not. In fact, we get the following surprising result.

— —
Theorem D’ ~ §(0,1], or equivalently, [Tp/] = [0, 1].

Aside from the obvious difference with the non-Archimedean case, why else might Theorem be
surprising? One answer would be the number-theoretic implications, which we postpone till Section [/| for
proper discussion. But even setting aside the number theory, Theorem [5.9| highlights some very interesting
interactions between topology and algebra, made visible through the lax descent.

(a) The appearance of the upper reals is unexpected@ Informally, Theorem says that if we quotient
the real interval (0, 1] by the multiplicative action of the monoid (0, 1], then we kill off all the left
Dedekind sections of the reals in (0, 1] — something which is a priori not obvious.

(b) Although we were careful to exclude the trivial absolute value — note that we work with (0, 1]

instead of the closed interval [0, 1] — the resulting quotient space nevertheless extends to m This
suggests that the (non-trivial) Archimedean place and trivial place cannot be definably separatedm
This raises interesting questions on how we should understand the generic Archimedean completion,
especially since Q and R are clearly not homeomorphic.

We prove Theorem [5.9]by constructing two mutually inverse functors

Unlike the non-Archimedean case, whose analysis could be streamlined by powerful descent theorems,
here we give an explicit analysis of which sheaves of S$(0, 1] are selected by the lax descent topos D’.

25A1though, in hindsight, perhaps less surprising once we step away from classical number theory and examine the lax descent
construction by itself: the quotient converts actions by the monoid into 2-cells, which introduces the one-sidedness.
26Why? Recall that subspaces of upper reals must be closed under directed joins along the specialisation order (Section|2.1.3).
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Although the details are technical, the analysis is (implicitly) guided an important distinction regarding the
Archimedean vs. non-Archimedean case: D’ witnesses non-trivial forking in the connected components
of its sheaves whereas D does not. Many of the arguments below can be understood as adjusting for this
difference. We defer further discussion of this forking phenomena to Section [6} for now, we focus on
establishing the proof of Theorem[5.9

5.1. First Direction. Here we construct the functor
-

J: D —8[0,1] (30)
(F,0) — 7

by giving a concrete description of its action on objects. Fix an object (F, ) € D’. By Construction

F is a sheaf in the topos 8(0, 1] and 6 is its descent data. As preparation for later analysis, it will be useful

to replace this abstract description by more explicit presentations of both F' and 6.

Presentation of the sheaf. By Fact[2.22] F' may be equivalently characterised as:

o A sheaf over (0, 1];
e Amap F': (0,1] — [O] to the object classifier;
e An étale bundle
f:Y —(0,1],
with fibre F((y) = f~!(v) over each v € (0, 1]. In particular, each fibre F'(v) defines a set since
étale bundles are fibrewise discrete (Discusion [2.20).

Throughout this section, we shall move freely between these different descriptions of F', depending on
convenience.

Presentation of the descent data. The pullback of f along 7 and M gives

oY) —2 Ly wy) —2 Ly

b I Js J
(0,1] x (0,1] —— (0,1] (0,1] x (0,1] —2 (0,1]

which we represent as

T(¥) =Y x (0,1] M (Y) = {(g, 0, 8) € ¥ x (0,1] x (0,1]] f(y) = a- B)},
with the evident projections §, ¢’ to the base (0, 1] x (0, 1]. Correspondingly, the descent data

0: (YY) — M*(Y)
defines a bundle map
Y % (0,1] o M*(Y)

(0,1] x (0,1]
In particular, 6 is determined by the first coordinate:
0:Y x (0,1] — M*(Y) (31)
(y, @) — (fo(y, @), v, f(y)) -

Here the second and third coordinates are forced by the fact that § commutes with the projections 4, &’ to the
base space: the point (y,«) € Y x (0, 1] lies over (v, f(y)) in (0,1] x (0, 1] whereas (y, o, 8) € M*(Y)
lies over (a, f3).

The first coordinate map 6 of the descent data will be important for subsequent analysis. For clarity and
later quotation, we record some useful observations about its descent structure.
Observation 5.4. Let 0 be the first coordinate map from Equation (31)). Then, for (y,«) € Y x (0, 1]:

(i) (Fibre Action). f(0o(y,)) = f(y) - a.
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(ii) (Unit Condition). 0y(y,1) =y.
(iii) (Cocycle Condition). 6y(0y(y, ), ') = Oy(y,a - o), for any o, &’ € (0, 1].

Proof. (i): This is immediate by construction of M*(Y").
(ii): The unit map is given by

s:(0,1] — (0,1] x (0, 1] Br— (1,5).
Taking pullbacks once more yields the bundle map

s (Y) S0 S*MH(Y)

with the bundle subspaces
st (Y) =Y x {1} sM(Y) ={(y.1, f(y)) € M"(Y)}.

Since the unit condition from the descent data requires s*6 = id, this yields 6y(y, 1) = y.
(iii): Examining Construction[5.2] the coycle condition requires

(m x id)"(0) = mg2(0) 0 712 (6)
where 72, 12 are the obvious projection maps, and the multiplication map is given by
m x id: (0,1] x (0,1] x (0,1] — (0,1] x (0,1] (o, !, B) — (-, ).

In English: the RHS of the cocycle condition applies 6 successively with parameters « and o/,
whereas the LHS applies 6 once with parameter ao’. Comparing their first coordinates gives
00(0o(y, ), ') = Op(y, v - '), as required.

O

J— —
Constructing J(F, ). We now show how to construct a new sheaf F' € §[0, 1] from the original (F, ) € D’.
First, consider the canonical map
U Qo — (0,1] (32)

which sends a (discrete) point of Q1) := {¢ € Q|0 < ¢ < 1} to its canonical representative in (0, 1].
Regarding F as an étale bundle f: Y — (0, 1], we can pullback f along ¥ to obtain:

Z —Y

| |s

@(0,1] s (0,1]

Alternatively, the bundle fres: Z — Qg 1) can be viewed as restricting the domain of F': (0, 1] — [O] to the
map Fres: Q(o,1] — [O]{"'| In particular, if Frs satisfies the continuity conditions of the Lifting Lemma2.11]

then Observation tells us that it canonically defines a sheaf on [0, 1]. We verify this is indeed the case
in the following claim.

Claim 5.5 (Key Claim). Given (F,0) € D', the descent data 6 induces a map on fibres
Oy F() — F(v),
forany v,~" € (0,1] such that ~' > ~, satisfying the following conditions:

(i) 04y =id forall v € (0,1];
(ii) If v,~', 7" € (0,1] such that " > ~" > ~, then Oy = 014 0 Qs

21Warning: Q(0,1) cannot be thought of as a naive subspace of (0, 1] since Qo1 is discrete space, unlike (0, 1].
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(iii) For any vy € (0, 1], denote

L:={q|v<qg<1}U{l}
to be its associated rounded ideal in RIdI(Q(OJ], <), as defined in Example @
Then, the induced map

0 : colim F'(q) — F(v)
qely

is an isomorphism.
Proof. Given v,v" € (0,1] such that v’ > ~ and z € F(v’), define the following function of sets
Oyy: F(Y) — F(v) (33)

yr— 90(2/7 7,)
5

where 0y: Y x (0,1] — Y is the first coordinate map of 6 as in Observation Item (i) of the Observation
gives the identity

£(0o(y, %)) = f(y)- 3 . (34)

In English: the multiplicative action on the base space (0, 1] (i.e. mapping 7/ — +) lifts to an action on the
bundle space Y (i.e. mapping F'(y') — F(v)). Notice this also ensures that ./, is well-defined. We now
check the required conditions of the Claim.

Step 1: Verifying Conditions (i) and (ii). For Condition (i), the unit condition from Observation [5.4] yields
Y
bo(y, ;) =0o(y,1) =y,

which by Equation (33)) translates to 6., = id. For Condition (ii), suppose v/ >~/ > ~ in (0,1], and
denote y”" € Y such that f(y”) = +". The cocycle condition from Observation [5.4]yields

/
v v v
GO(ylla 7) = 60(90(y”7 7)7 ?)7
which translates to 6,1, = 0/, 0 0.

Step 2: Reformulating Condition (iii). By Discussion |2.20} étale bundles are fibrewise discrete, and so the

fibre map 6.,/ corresponds to a map of sets. In particular. colilm F(q) is a filtered colimit in Set, and so
qely
admits the canonical description

colim F(q) = [] Fla)/ ~ (35)

I
q€ly €l
as a coproduct quotiented by the equivalence relation

(x>F(Q)) ~ (va(q,)) < dre Iv- (q <7rA q/ <7rA qu(x) = eq’r(y)) )
where “(x, F'(q))” denotes x € F(q) and “(y, F(¢'))” denotes y € F(q’). Notice the specialisation order
reverses the numerical order since ¢ < r iff ¢ > r or ¢ = r = 1 (Example[2.7).

The canonical map
6 : colim F'(q) — F'(7)

qely
sends the class represented by y € F'(¢) to 64, (y). Thus to verify 6, is an isomorphism of sets, it suffices to
establish the implications
@zeF(y) = Jqel,.(Fye Flqg) Nz=1>04(y))
(®) y,2 € F(q),04y(y) = 047(2) = Fr € L1.(q <7 N bgr(y) = 4r(2)) -
For clarity: Implications (a) and (b) correspond to verifying surjectivity and injectivity of 6., respectively.

Step 3: Surjectivity. We prove Implication (a) by exploiting the topology of the étale bundle.
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Step 3a: Setup. Fix x € F(v). Since f: Y — (0,1] is a local homeomorphism, there exists an open
neighbourhood U C Y of z such that f|y: U = f(U). Let

u: f(U) —U

denote its inverse, so that u(y) = z@ Since (0, 1] has a basis consisting of rational-ended open intervals,
we may shrink U so that

fU)=(a,) or  f(U)=(a,1],

for appropriate rationals o, S with0 < o < § < 1.

Step 3b: Exploiting topology and the unit condition. Denote
X = fU) N[, 1]
with the closed interval [y, 1] := {7’ € (0,1] |y < 7/}@ By Step 3a, this means either
X =[y,1] or X = [v,p) forsome 3 € (0, 1].

In particular, X is connected and contains 7.
Next, use the inverse u: f(U) — U to define the following map:

©: X — F(y)

@+ by (u(a))
Since X is a connected space and F'(7) is a discrete set, the image of O(X) is constant. In particular, since

O(7) = by (u(v)) = bo(,1) = =,

where the final equality is by the unit condition, this implies ©(a) = « for all « € X. Finally, notice
there always exists some rational ¢ € X such that ¢ € Iv Thus for u(q) € F(q), we obtain the identity
O©(q) = 04,(u(q)) = z, proving Implication (a).

Step 4: Verifying injectivity. Fixing ¢ € I, suppose v,z € F'(q) such that 64, (y) = 64,(z). For explicit-
ness, denote

= gy (y) = bgy(2) € F(7)
Next, define two maps
v,0": (0,q] = Y
whereby v(a) := 044(y) and v/ (a) := 6,44(z) respectively. Notice:
e v and v’ are partial sections of f since

fov(a)=fo(lu(y) =a=fov'(a),  foranya € (0,q].

e The images of v and v’ coincide on ~, since
() = 0gy(y) = = 04y (2) = '(7).

Finally, just as in Step 3, let U C Y be an open neighbourhood of = such that f|y: U = of (U); let

u: f(U) =, U denote its inverse, so that u(y) = .

28For details regarding local homeomorphisms in the point-free setting, see [VicO7al §5.1].

29Notice this definition allows for the degenerate case v = 1, in which case [v,1] = {1}.

OWhy? If X = [, B), this is obvious. If X = [y, 1], let ¢ = 1. Notice this works even when X = {1} since we allow 1 < 1.
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Step 4a: Refining the sections. Our objective here is to identify an open subspace of (0, 1] on which all the
section maps u, v, v’ all agree. Since q € I, by assumption, we have v < g or ¢ = 1 (or both). Hence,
define the subspace
U)n(0,q), if v <
v 10000, ify<qg 36)
f(U)’ ifg=1

In either case, V' is an open neighbourhood of «y in (0, 1]. Moreover, by design, both v and v are well-defined
on the whole of V. Hence, their restrictions

u,v: V—Y
yield sections of f satisfying the identity
u(y) =v(v) == 37
Next, construct the obvious pullback:
Vo —V
v| u (38)
V oY

Since u: V' — Y is ahomeomorphism onto the open subspace u(V') C Y, and open inclusions are preserved
by pullback, the map V,, < V is an open inclusion. In other words, V;, is the open subspace of V' on which
v and u agree. In particular, this means that y € V,, by Equation (37).

Apply the same construction to obtain an open subspace V,, of V' on which u and v agree (and thus, also
v € V). Repeat one last time to obtain an open subspace

P:=V,N ti
on which u, v, v all agree, and also y € P. Shrinking P if necessary, we may assume that P is an open
interval of the form («, ) or («, 1] with rationals o, f € Q such that 0 < o < 8 < q.
Step 4b: Finish. It remains to show that there exists » € P N I, such that ¢ < r. Since q € I, either v < ¢
or ¢ = 1. We therefore check the following cases.
e Case 1: v < q. Since P is an open neighbourhood of -y, pick a rational € P such that v < r < q.
e Case2a: ¢ = 1and P = (o, ). Pick arational »r where a < v < r < 8 < q.

e Case2b: g =1and P = (a, 1]. Pick 7 = 1 = ¢. Here, r € I, and ¢ < r since the specialisation
order allows for 1 < 1 (Example EI

In every case, we found a rational € P N I, such that ¢ < 7. Since ¢ < 7, the map 60, is well-defined.
Moreover, since © = v = v’ on P by Step 4a’s construction, we obtain the desired identity

Ogr(y) = v(r) = u(r) = v'(r) = Ogr(2),
thus proving Implication (b). (Il

As an immediate corollary of Claim[5.5]and the Lifting Lemma [2.T1] we get:

— —
Corollary 5.6. Any (F,0) € D’ determines a sheaf F' € 8|0, 1] by its restriction to the rationals.

Proof. Represent F' € 8(0,1] as amap F': (0,1] — [O] to the object classifier, and consider its restric-
tion Fres: Qo1 — [0]. By Claim , Fies satisfies the continuity conditions required by item (iii) of
i

— R
Observation [2.24] The Lifting Lemma therefore extends Fes to a sheaf F' on [0, 1]. ]

Discussion 5.7 (Choice vs. Existential Quantifiers). We briefly clarify the use of “choice” and “pick” in the
preceding arguments. In Steps 3 and 4, we argued: given a point x € F'(v), since f: Y — (0, 1] is a local
homeomorphism, there exists an open U C Y suchthatx € U = f(U). Choosing such a U does not invoke
the Axiom of Choice. Constructively, once the existence of an object satisfying a given property has been
established, then invoking this object is simply the elimination of an existential quantifier; for more context,

3INotice this covers the edge case v = 1.
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see [Baul7l §1.3]. In our setting, the required existence follows constructively from the fact that all étale
maps f: Y — X yield a basis of opens admitting unique sections; see [VicO7al Proposition 1.49].

The Main Construction. We can now define our functor Jj. On the level of objects, we map:
/
J: D' —8]0,1]
(F,0) — F
— —
where F'is the sheaf over [0, 1] associated to (F, 6) by Corollary via the Lifting Lemma|2.11| Explicitly,
for an upper real I, € RIdI(Q(g 1}, <), we define
F(I,) := colim F(q) .
qely
The same procedure can be carried out on the level of morphisms. Consider a D’-morphism

This, of course, defines a natural transformation of sheaves, but let us reformulate the details within point-
free topology. Representing F, G: (0, 1] — [O] as maps to the object classifier, u gives pointwise, speciali-
sation morphisms

uq: Fq) — Glq)

compatible with the transition maps

O ql lfq’ q

F(q) —— G(q).

Thus, for each I, € RIdI(Q(g 1}, <), the maps u, form a cocone from the filtered diagram

{F() " F(@)bger,
to G(I,) = colimger, G(q). By the universal property of colimits, they induce a morphism
JW)(L): F(Iy) — G(Iy).
These morphisms are natural in I, so define
Ju): F— G.
Identity and composition are preserved by the universal property of the colimits, so J is a functor.

5.2. Second Direction. We now construct a functor inverse to J, i.€.

PP /
R:8[0,1] — D 39)
F—7
Start with the diagram of spaces:
(0,1 x (0,1] == (0,1] —"— [0,1]
M
where the map
-
r:(0,1] — [0,1] (40)

yr—1yi={q|v<q}

sends a Dedekind -y to its right Dedekind section. On the level of sheaves, the arrows reverse and the
associated inverse image functors yield the following diagram

* -

8(0,1] x 8(0,1] £— 8(0,1] <~ 8f0, 1]. 1)
M*
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That is, given a sheaf F' on <[0,_1], the above functor »* sends it to a sheaf
F = r*(F) 42)
over (0, 1], essentially for free. The non-trivial task then is to equip F with descent data
0: T°(F) — M*(F).
Our guiding observation is that the descent data is naturally induced by the specialisation order between

points of the upper realsEZI We now develop this remark.

— ~
Construction 5.8 (Descent Data). Let F' € §[0, 1] be a sheaf, and write ' := 7*(F") as above. Invoking
Fact [2.22] once more, represent both sheaves as the below maps to the object classifier

— ~

F:[0,1] — [O] and F:(0,1] — [O].
We construct the descent data in stages.

(1) Fix o, B8 € (0, 1]. Since 7(«, 5) =  and M (e, ) = « - 3, we obtain the expected characterisation
of the respective pullbacks:
o 7(F): (0,1] x (0,1] — [Q] is a map that sends («, 5) — F(3);

o M*(F): (0,1] x (0,1] — [O] is a map that sends (o, 8) — F(a - B).
(2) Recall from Definition [I.3] that any map between point-free spaces is functorial with respect to its
points. Thus, for any ~, ', € (0, 1] such that

—

L, E1, in [0, 1]
the map F’ sends this specialisation order between upper reals to a morphism
F(Ly) 22 (1),
(3) Fix o, 8 € (0, 1]. Clearly, we have
a-fB <8, and hence Ig C 1,.3.
By Step (2), this gives the morphism
$g(a-p): F'(Ig) — F(la.p) (43)
Under the identification F = r* F, this yields the morphism
S8(a-B) " F(8) — F(a-B)
By Step (1), these components determine a 8(0, 1] x 8(0, 1]-morphism
0: T (F) — M*(F).
The unit and cocycle conditions follow formally from the functoriality of F', since the identity and

composition laws for the induced morphisms correspond respectively to the unital and associativity
laws of multiplication

1-8=8 and «a-(dB)=(ad)-S.
We now define our functor K. On the level of objects, we map:
—
R:8[0,1] — D’
where F := r* (F) as in Equation (@2)), and f asin Constructionﬂ This is well-defined, since F' is a sheaf

over (0, 1] and § satisfies the required descent conditions.
-

On the level of morphsims: for any 80, 1]-morphism u: F' — G where F,G: [0, 1] — [O], define
Ru) :=1*(u): F — G.

32The attentive reader may notice that this is broadly analogous to the proof of the Lifting Lemmam
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-
with r* as in Diagram @I)). This defines an 8|0, 1]- -morphism functorially, so it remains to check that r “(u)
is also a D’-morphism. Explicitly, this means: given (F, 9p) (G, 90) € D' with the descent data O, O
from Construction [5.8] the following identity holds:

M*(R(w)) 0 Op = O o 7 (8(w)). (44)
To see this, it is helpful to work pointwise. Equation (4) says that the following square commutes
= 9,
F(8) —— F(a-p)
(0| |5 45)

-~ 0 ~
G(B) — G(a- )
for a generic point (o, 8) € (0, 1] x (0,1]. By Construction [2.26| the horizontal maps of Diagram {3) are
obtained by applying F' and G, respectively, to the specialisation order
Iﬁ C Iaﬁ )

before restricting along 7. As such, commutativity of Diagram (43]) follows from the naturality square

F(LY/) *> F(1,)
G(I’y’) (Iv)

for I, C I,. In particular, taking v’ = § and v = « - (8 gives the commutativity of Diagram (45).

5.3. Assemble and Finish. With the key constructions completed, all the gears line up and we now prove
the main result of the section.

Theorem 5.9. D’ ~ §|0, 1].

Proof. LetJ: D' — [0,1] and 8&: §[0, 1] — D’ be the two functors as defined in Sections|5.1{and We
now check that J, & are mutually inverse.

Step 1: Verifying R0 J = idy. Let (F,0) € D', and write
(F,0) := RoJ(F,0).

We shall regard the sheaves as maps to the object classifier, i.e. as maps F, F': (0,1] — [0].
The core mechanism of our argument is Key Claim 5.5](iii), which gives an isomorphism

0: colim F(q) = F(v), fory € (0,1].
qely

In what follows, we show that 6., extends to a natural isomorphism of objects (F,6) = (F, 5) we proceed
by first identifying the underlying sheaves, before verifying compatibility with the descent data. Finally, we
observe that the cocone-induced construction is functorial in F', giving the required naturality.

= -
Step la: F' = F as sheaves. Reviewing Equation (40), the map r: (0,1] — [0,1] sends a Dedekind
v € (0, 1] to its right Dedekind section, represented as a rounded ideal I,. Thus, unwinding the definition
of RoJ, we get
F(m)=F(r(y) = F(I;) = colim F(g) = F(7),
s
where the final isomorphism is by Key Claim [5.5] Since the isomorphism was constructed geometrically

(Convention and done for generic y € (0, 1], this extends to an isomorphism of point-free maps F & F,
and thus an isomorphism of sheaves.
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Step 1b: Compatibiity with descent data. To show that the isomorphism of sheaves in Step 1a extends to an
isomorphism in the descent category D’, we need to verify its compatibility with the descent data. In the
language of Construction this amounts to showing that the diagram@

~

F(8) —2— F(B)
gl Je (46)
Fla-8) =2 F(a- 8)

commutes for generic («, 5) € (0, 1] x (0, 1]. Notice the horizontal arrows in Diagram are well-defined
by Step 1a, which yields the identity

=)

%(B) = colim F'(q) and (- B) = colim F(q) .
qelp q€ly.g

In particular, by the universal property of colimits, it suffices to show that the two composites 6.5 o 9 and
0 o 6, agree after precomposition with each component map for %( B), which we denote
tgs: Flq) — CgeliénF(q), q € Ip.
These component maps were left implicit in our proof of Key Claim [5.5] so it is worth making explicit

how they determine the horizontal isomorphisms in Diagram (46)). Recall: given (F,0) € D', we defined a
system of transition maps on the fibres

Oy F(y') — F(v).
Read in our context, this assembles into the cocone diagrams

tq(a-)

F(q) e, colim F'(q) — cohmF
q€lg q€l,.
47
k leﬂ k l B

F(B)

whose cocone maps 0, .3 are now known to be isomorphisms. Moreover, for any ¢ € I, we also get the
cocone diagram

Flq) —*— colim F(q) = F(Iy)

qEIﬁ
I

colim F(q) = F(1,.p)
qEIa.g

)

(48)

To identify the induced cocone map with the descent data . recall from Construction that
6: F(I5) = F(Iap)
is obtained by applying the map F to the specialisation order
Ig C I, (49)
on the upper reals. However, the map F itself is constructed from the system of fibres F'(¢) via colimits,

F(I) = colim F(q),
qel

33A remark on notation: We have been careful to denote the multiplication M(«, 8) = « - 3 as opposed to just M(c, 8) = af.
One reason for this is to emphasise that an algebraic action has taken place. Another reason is to reduce potential confusion between
the morphism 6.y in Diagram (@6) and the morphism 6. : F(«) — F(f) as defined in Equation (33).
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and so its action on the component maps ¢, is given by the corresponding component maps t(,.5)- In other

words, fis precisely the morphism between the corresponding colimits induced by the inclusion (49). In
particular, this yields the identity

Ootys =typ  (a€Ip). (50)

We now assemble the pieces to establish the desired identity
Oop 00 =000, (51
For the LHS, combine Diagram and Equation (50) to obtain the identity
Oa(a) = O © Tyt = O © 0 O tgp (g € Ig)- (52)
For the RHS, the descent morphism 6, by definition, induces the following map on fibres
03(a-p): F(B) — F(a-j).

Therefore, for any ¢ € I3, we compute

fofgo tyg = eﬁ(a'ﬁ) o 95 oty [since 6 = eﬂ(aﬂ)]
= 03(a-) © 0 [by Diagram (#7)]
= 04(a-8) [by Key Claim [5.3](ii)] (53)

Hence, by Equations (52)) and (53)), the composites 6.5 o 6 and 6 o 0, agree after precomposition with
tqs for every ¢ € Iz. By the universal property of the colimit, this proves (3I). In English: this shows
that the isomorphism of sheaves in Step 1a is in fact compatible with the descent data, and thus yields an
isomorphism of objects in D’

(F,0) = (F,0).

Step Ic: Naturality. Tt remains to show that the isomorphisms constructive above are also natural in (F, ).
On this front, let u: (F,0) — (G, &) be a D’-morphism. We must show that

RI(u) o n(r0) = MN(cye) © Us (54)

where 75 9) and 7 ¢ are the isomorphisms constructed in Steps 1a and 1b. In fact, it suffices to verify
on the fibres. Fixing some v € (0, 1], this amounts to the commutativity of the diagram

U~y

F(v) G()

o] & (55)
colim F(q) LGN colim G(q)
qely q€l,

Recall that J(u) was constructed by applying the universal property of the colimits to the fibre maps
ug: F(g) — G(q)-

Thus, writing

. . /o, .
tey: Flg) — Cgelgn F(q),  tg: Glg) — cgelgn G(q)

for the respective cocone maps, we have

RJ(u) 0 tgy =ty 0 ug. (56)
On the other hand, as seen in Diagram (7)), the defining property of the maps 6., and &, gives
Oy 0 tgy = bgy, Ey oty = &gy (57)

Since u is a D’-morphism, its fibre maps are compatible with the transition maps, so

Uy 0 Ogry = &gy © Ug. (58)
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Consequently, plugging in the relevant identities, compute for every q € I:

Uy © Oy O tgy = Uy 0 Oy [by Equation (57)]
= £,y 0 Uy [by Equation (38))]
=& ot oug [by Equation (57)]
=&, 0 RJ(u) o tgy [by Equation (56)]

Hence, the two morphisms in Diagram (55)) agree after precomposition with every cocone map ¢4, where
q € I,. By the universal property of the colimit, the morphisms are therefore equal. Since Steps 1a—1c hold
at the generic point y € (0, 1], these pointwise isomorphisms yield a corresponding natural isomorphism of
functors

n: m L ier/.
This completes Step 1.

-
Step 2: Verifying J o 8 = idS[T)T]' Let F' be a sheaf over [0, 1], and write

(F,0) := &(F) F =30 A(F).
Here we verify that FeF naturally in F'.
= —
(a) F' = F as sheaves. For any upper real I, € [0, 1], one easily verifies that
?(Iv) = colim F(q) = colim F(r(q)) = colim F(1,) = F(I,),
qely qely q€ly
where the final isomorphism follows from the fact that maps preserve filtered colimits of points

(Lemma

(b) Naturality. Naturality essentially follows from the colimit structure built into the definition of JR.
To elaborate, given a morphism u: F' — G, the morphism JR(u) is, by construction, the map
induced on the above colimits by the morphisms

ug,: F(1y) — G(1y).
Thus, writing

tgy: F(ly) — CgehlflnF(Iq)v t/q»y3 G(ly) — C(?EhlgnG(Iq)

for the respective cocone maps, we have
JR(u) otgy = t;v our,.
On the other hand, the naturality of u with respect to the morphism I, C I, gives
uIv o tq,y = t:],y o qu.

Hence JR(u) and uy, agree after precomposition with every cocone map t,,. By the universal
property of the colimit, they are therefore equal under the identifications

colim F(I,) = F(1,), colim G (1) = G(1,).

g€l q€ly

Thus the isomorphisms ? = [ are natural in F'.
This completes Step 2, and we are done. ([l

Let’s step back for a moment. What would happen if we used standard descent to define the Archimedean
place instead of lax descent? Given the association between group completion and standard descent (cf. Dis-
cussion [2.42)), one may expect a loss of information. The following observation confirms this.

Observation 5.10. Let Z denote the space corresponding to the standard descent topos of Construction[5.2]
Then
Z = {x}.

34Compaure this, perhaps, with our use of Key Claimin Step 1la.
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Proof. The argument is short, but it will be helpful to organise it into stages.

Step 0: Setup. By construction, Z is the coequaliser of
m, M: (0,1] x (0,1] — (0,1]
subject to descent conditions. Let
p: (0,1] = Z
denote the universal quotient map, and let Z’ denote the image of (0,1] x (0,1] under the map p o 7
(equivalently, under p o M). This comes equipped with an inclusion map

i: 7' — 7.
Step 1: Constant image. We show that Z' = {x}. Since p o m = p o M, we have
p(B) =p(BB") =p(8')  foranyp,5 € (0,1].

The first equality follows by evaluating p o m = p o M at (', 3), while the second follows by evaluating it
at (3, 8'). Thus p is constant. Since Z’ is the image of p o m, it follows that Z’ = {x}, as claimed.

Step 2: Trivialisation. Let p': (0,1] — {x} be the unique map to the singleton space. Assemble our data
into the following diagram

(0,1] x (0,1] % 0,1 —2— z

i (59)

{«} =2

where j is obtained via the universal property of coequalisers. In particular, this gives j o p = p'.

We claim that Z = {x}. The fact that j o i = idy,, is obvious. For the converse direction, compute for
any 5 € (0,1]:

iojop(B)=iop'(B)=p(B),

where i o p’ = p by definition of Z’. Since p is an epimorphism, this implies i o j = id . U
Remark 5.11. The proof strategy of Observation [5.10] can be adapted to give an alternative proof that a
single non-Archimedean place corresponds to a singleton. Notice, however, we still need to verify that
Diagram (21) is an open groupoid in order to apply Moerdijk’s Stability Theorem [2.38] which was used
in Theorem [4.T1]s proof that [placesy 4] = ISpec(Z). (). Perhaps the simplest way to show this is by

comparing Diagram (21)) with the obvious Cech groupoid (23). In which case, it is more natural to use the
Cech groupoid and its associated descent data directly to establish the trivialisation, as in Theoremm

6. NON-TRIVIAL FORKING OF SHEAVES

This section investigates the topos-theoretic differences between the Archimedean vs. non-Archimedean
place. By Theorems 4.10|and [5.9] we already know that

D ~ Set D'~ §[0,1].
Motivated by this, we ask:

Question 6.1. What kinds of sheaves are eliminated by standard vs. lax descent? Alternatively, how wild
or complicated are the sheaves of D’ compared to those of D?

The following basic observation tells us where to start looking.

Observation 6.2. Let X be a locally connected localic space, and let f: Y — X be an étale bundle on X.
Then, Y is locally connected. In particular, Y admits a pairwise disjoint decomposition

v =]]v (60)
el
into open connected subspaces.
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Proof. Following [Joh02, pp. 525], recall that a localic space is locally connected if every open subspace
is expressible as a union of connected open subspaces. Since f is a local homeomorphism, every point
of Y has an open neighbourhood V' C Y such that f|y: V' — f(V) is a homeomorphism onto an open
subspace of X. As X is locally connected, each f(V) is a union of connected open subspaces, and hence
so is V. Thus Y is locally connected. Applying [Joh02, Lemma C.1.5.8], we obtain a pairwise disjoint
decomposition of Y into open connected subspaces. O
In particular, recall that:
e Any (F,0) € D defines a sheaf F' on (0, 00);
e Any (F',0") € D' defines a sheaf F’ on (0, 1].

Since (0, o) and (0, 1] are both locally connected localic spaces, Observation[6.2] suggests that analysis of
sheaves in D or D’ ought to be reducible to analysis of their sheaves’ connected components. Leveraging
this insight, we establish the next series of observations.

Observation 6.3. Let (F,0) € D, with f: Y — (0, 00) as the corresponding étale bundle. Then,

f= H 1d(0,00)

I

for some set .
Proof. By Theorem4.10} there is an equivalence

©*: Set = D.
Hence, there exists a set I such that

¢*(I) = F.

We now translate this isomorphism into the language of étale bundles.

(a) Represent the singleton {x} € Set as the bundle id,y: {*¥} — {*}. Then, any set S can be
represented as the disjoint coproduct [ [ ¢ id g3

(b) The functor ¢* acts on bundles by pulling them back along the unique map (0,00) — {x}. In
particular, we get * (idy,)) = id (g ), as exhibited by the pullback square below

(O> OO) — {*}

id(o’o@l lid{*} .

(c) By item (a), the isomorphism ¢* (/) = F' may be written as f = ¢*([[;idy,;}).
Since «* preserves arbitrary colimits, Items (a) - (c) assemble to give

FEe([iduy) = [ ¢ Gduy) = [ Tido,wx)-
I I

I
O

Here is the punchline. Let (F,0) € D be a connected sheaf, i.e. F corresponds to an étale bundle
f:Y — (0,00) where Y is connected. Observation [6.3|then forces Y = (0, 00), as illustrated in Figure|[l]

\
) Y
1

/

FIGURE 1. A connected sheaf I' of D
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Since D’ % Set (Theorem , one naturally suspects that the connected sheaves of D’ are no longer
quite as simple. The following example gives the first indications of this.

Example 6.4. Define (F,0) € D' where
e [ corresponds to the inclusion map f: (0, ) — (0, 1], regarded as an étale bundle over (0, 1];
e 0 is the descent data whose first coordinate map is defined as
0o: (0,a) x (0,1] — (0, @) (61)
[Why is this sufficient? Recall from Section [5.1] that descent data 6 is determined by the first coor-
dinate map 6y. One then easily verifies that our 6 satisfies the unit and cocycle conditions. ]
In particular, notice (0, «v) is connected, yet f((0,«)) = (0, o) 2 (0, 1].

Example [6.4] signals an interesting difference with D: the connected sheaves of D’ need not be homeo-
morphic to the base space (0, 1]. In fact, they can turn out to be much more complicated:

Example 6.5 (Tuning Fork Sheaf). Following Example[6.4] define (F,0), (F”,¢') € D’ whereby:
e I corresponds to the inclusion f: (0, %) — (0, 1]; and
e [’ corresponds to the identity map f’: (0,1] — (0, 1],
e The descent data # and ¢’ are both given by multiplication, analogous to Equation (61)).

Now observe that the inclusion (0, 3) < (0, 1] also induces a bundle map between f and f’. Since D’ is
a topos, and toposes possess all pushouts, the cokernel pair of this bundle map exists, which we illustrate
in Figure [2] For obvious reasons, we call this the Tuning Fork Sheaf. Moreover, notice that the resulting

bundle space is connected: the two branches are glued along the common subspace (0, %)ﬁ

—
L !
/ ‘\
' /
I_ i
—_—
L !
/ i
L e } ....................... I
\ I
1
0 1 1

FIGURE 2. The Tuning Fork Sheaf of D’

Discussion 6.6. The construction in Example [6.5] is fairly flexible, and can be used to construct a wide
variety of forking structures in the [connected components of the] sheaves of D’. This gives a geometric way
of reading the difference between standard descent vs. lax descent. In the non-Archimedean case, the rich
sheafy structure is completely flattened by standard descent: as shown by Observation all connected
sheaves must be homeomorphic to the base space. By contrast, for lax descent, non-trivial forking still
persists in the connected sheaves, as exhibited by the Tuning Fork Sheaf.

Discussion gives an insight into the kind of sheaves present in D’ but absent in D. We now turn to the
complementary question: which forking configurations are ruled out by lax descent?

Example 6.7. Reviewing Example[6.5] totice there was nothing special about our choice of inclusion map
(0, %) < (0, 1]. In fact, one can iterate the argument to obtain the sheaf as illustrated in Figure There
is, however, a limit to this construction. If the forking is iterated indefinitely along every branch, as in

3SDetails. Let g: Z — (0,1] denote the corresponding étale bundle. Define two global sections p1, p2: (0, 1] — Z, one which
maps the subspace [%, 1] to the lower branch of Z, while the other maps it to the upper branch. Now suppose h: Z — S isa
map to a discrete space. Since (0, 1] is connected, h o p1 and h o p, are constant. Now let v € [%, 1] and v € (0, %) Since
p1(7’) = p2(y"), conclude that h is constant by observing: h o p1(y) = hop1(y') = hopa(y') = hopa(7).
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Figure [3b] the fibre over 1 becomes the Cantor space. Since this fibre is not discrete, the resulting bundle
cannot be étale. In other words, Figure [3b|does not define a sheaf over (0, 1].

1 1
0 3 1 0 3 1
(A) Iterated Forking (B) A Forbidden Configuration
FIGURE 3

Let us sharpen our terminology. Given a sheaf F' € §(0, 1], say that F' witnesses upper bound forking if
some connected component has two branches on the right of a branching point and a single on its left (as
illustrated in Figurea). Analogously, say that F' witnesses lower bound forking if there exists two branches
to the left of the branching point and one on its right (as illustrated in Figure 4b)). In principle, there may be
multiple instances of forking (see, e.g. Figure [3a)), but we shall always assume that the branches of the fork
do not “join” back up.

(A) Upper Bound Forking (B) Lower Bound Forking

FIGURE 4. Two Types of Forking with Branching Point at %

Claim 6.8. Forany (F,0) € D', F € 8(0, 1] does not witness lower bound forking.

Proof. Suppose, for contradiction, that I’ witnesses an instance of lower bound forking. Let Y; be a con-
nected component in which this occurs, at a branching point 79 € (0, 1]. Thus, there exists a connected
neighbourhood V,, of a point 7o € (0, 1] such that

2, a<
’ =0, aeV,,.

IYmF(a)!={

1, a>n,

See Figure [5a] for an illustration. We shall fix this neighhbourhood V., throughout the proof. Informally,
V,, records the local geometry of the forking, which we shall use to fix a “witnessing point” 3 € V,; the
subsequent argument will then propagate this local information to the rest of (7, 1] via the descent data.

38



(\ ‘ T \ /
] ‘L _
/ T3 T3 & |
\\_._ """" L J
«/ g // 2 \\
\ . 2 \ ' /
N _l N
/ ! / al
1\ EERE | .......... } ............ | /\ SRR } ...................... _:
0 Y0 B 10 Y0 1
(A) The Connected Component Y; (B) Another Forbidden Configuration

FIGURE 5

Step 1: The fibre at 9. Moving from right to left, the fork begins at y: necessarily
Yin F(yo)| = 2.
Indeed, the alternative configuration in Figure [5b where the two branches merge at -y, does not define an

étale bundle. Why? If z3 denotes the merged point, every open neighbourhood of x3 meets both branches.
Hence no such neighbourhood can map homeomorphically onto an open neighbourhood of ~y in (0, 1].

Step 2: Analysis of Descent Data. We now examine how the descent data interacts with the forking structure
of Y;. Recall from Key Claim 5.5]that 6 induces maps

Oyt F(y) — F(v), v<9,

satisfying the cocycle and unit conditions.

Step 2a: Descent action restricts to Y;. For any 8 € (7o, 1], pick 23 € F(S) NY;. Consider the map
0: (0,8 — Y, vy — Osy(23).

By the unit condition, 6(5) = 0gg(x3) = x3 € Y;. Since (0, 3] is connected, ¢((0, 5]) is also connected,
and is thus contained in the connected component Y;. Thus 63, (x3) € Y; for every v € (0, 3].
We leverage this to exploit the lower bound forking at vy. By our setup, choose 8 € V. such that
|Y; N F(B)| = 1. By Step 1, there exist distinct points x1, x2, x3 € Y; such that
z1,22 € F(v),  x3 € F(B),

as depicted in Figure[Sa] The preceding argument then gives
Opv0(73) € Yi N F(y0) = {21, 22} (62)
Step 2b: No jumps. Folllowing our choice of S from Step 2a, assume without loss of generality that
08+, (x3) = 1. Now let v € (7, 1], and pick any y € Y; N F'(vy). There are two cases to checkm
Case 1: v € (v,0]. In which case, v € V,, and so |Y; N F(y)| = 1. Since Step 2a gives
0s+(x3) € Y; N F(7), deduce that 63, (x3) = y. The cocycle condition therefore gives
L1 = 5y, (43) = Oy 0 Oy (3) = by (y)-
Case 2: vy € [3,1]. In which case, Step 2a gives 0.5(y) € Y; N F(3) and so 0,3(y) = x3 (notice
the reversal of 3 and ~y). The cocycle condition again gives
21 = 030 (73) = Opy0 © 075 () = 096 (1)-

In sum: once we restrict to the connected component Y;, every point in the fibre over (v, 3] descends to x;
on the upper branch; the descent data cannot “jump” from one branch to the other.

36This case-splitting is constructive by [NV22 Proposition 1.37]; in particular, the interval (7o, 1] can be obtained (construc-
tively) as the pushout of (vo, 3] and [3, 1] along their common point 3.
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Step 2c: A contradiction. Recall that the proof of Key Claim [5.5] (iii) involved verifying two implications,
which we reproduce below for the reader’s convenience:

(@) z € F(y) = 3¢ € L,.(3y € F(q).(z = 045(y))

(1) y,2 € F(q),00y(y) = 0gy(2) = Ir € L,.(q <7 NOp(y) = 0gr(2))
Read in our context, Implication (a) says: given x2 € F'(~y), which lives on the lower branch of Figure
there exists some ¢ > 7o, and some y € F'(q) such that zo = 64, (y) But Step 2b forces the identity

84+0(y) = x1 # x9, giving a contradiction. This finishes the proof.
]

Reviewing our work in this section, we present the following summary answer to Question [.1]

Conclusion 6.9.

(i) Standard descent eliminates all forms of forking in the sheaves of D.
(ii) Although upper bound forking persists in the sheaves of D', lax descent eliminates lower bound
forking.
(iii) Lax descent forces the image of every nonempty sheaf to be downward closed. More precisely, if
(F,0) € D" and F corresponds to an étale bundle f:Y — (0, 1], then either

f(Y)=(0,1] or  f(Y)=(0,a) forsome € (0,1].

Proof. (i) is by Observation (i1) is Example and Claim For (iii), suppose v € f(Y), so there
exists some y € Y such that f(y) = 7. Recall from Observationthat the lax descent data gives

Oo(y,8) €Y  foranyp € (0,1].

Moreover, (0, 1] has the following action on fibres:

f(Oo(y.B)) = f(y)-B  foranyp € (0,1].

Now suppose 7' € (0,~]. Setting 3 := v~1 -+’ € (0, 1], the lax descent data gives the point ¢’ := 6y(y, )
satisfying
fWY=fw) v A =y =
Thus " € f(Y), proving that f(Y") is downward closed.
Notice: in contrast to the standard descent case, we do not get upward closure of f(Y") since we only

have a (non-invertible) monoidal action induced by (0, 1]. O

7. A STRANGE WOODS

That is what one achieves, and in a very satisfactory manner, too,

in the theory of “valuations” [... ] To define a prime ideal in a

field (a field given abstractly) is to represent the field “isomor-

phically” in a p-adic field: to represent it in the same way in the

field of real or complex numbers, is (in this theory) to define a
“prime ideal at infinity .

— André Weil, letter to his sister [Wei03]]

In mathematics, difficult problems are often approached by breaking them into smaller, more manageable

pieces. This approach leads to two fundamental questions:

(1) How do we account for all the different pieces of the problem?
(2) How and when can we glue the pieces to form a global solution, and what are the obstructions to
this reassembly?

The Hasse local-global principle from number theory provides a particularly striking example. Here one
seeks to understand whether solutions to polynomial equations over Q can be reassembled from its solutions
over completions of Q, i.e. the reals R and the p-adics Q. In the classical picture, apparently going back
to Hasse and/or Artin [Wei035], the non-Archimedean completions are indexed by the nonzero prime ideals

3Notice by definition of lower bound forking, vo € (0, 1), so we avoid the edge case of 79 = 1. Hence the translation of
“dq € I,” as “ there exists ¢ > 0" is justified.
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of Z, while the real place is regarded as an additional “prime ideal at infinity”. This viewpoint underlies a
number of powerful frameworks, including Arakelov geometry, as discussed in the Introduction.

The results of this paper provide an important nuance to this perspective. When re-examined from the
topos-theoretic perspective, we find that the Archimdean place does not behave like an individual point with

pall s
no intrisic features; rather, it is identified with the space [0, 1] of upper reals (Theorem . Thus, accounting
for the Archimedean place is not simply a matter of adjoining an additional point at infinity because the
quotient carries an intrinsic topological structure, invisible in the classical point-set formulation.

We emphasise that this is not just an artefact of passing to point-free topology. Rather, it arises from
analysing the internal struture of the places as equivalence classes, which was accomplished through the
use of descent techniques. Very informally, the difference can be understood in terms of the symmetry of
the algebraic actions underlying the Archimedean and non-Archimedean cases. As discussed in Section
after fixing a non-zero prime ideal p of Z, exponentiation induces a free and transitive group action on
the corresponding space of non-Archimedean absolute values. Thus, in a sense, all its points are related
to one another by invertible symmetries. Passing to the quotient through descent consequently collapses
these symmetries, leaving a singleton (Theorem [.10). By contrast, the space of Archimedean absolute
values carries only a monoid action. This action introduces non-invertible comparisons between the points,
producing an intrinsic asymmetry that survives the descerocess. This asymmetry is reflected in the order

5.9)

pini
topology of the resulting quotient space [0, 1] (Theorem

We are now at a very interesting mathematical juncture. We began this paper with a question originating in
number theory: how might one build a framework that unifies the reals and p-adic fields, whilst also accom-
modating their differences (Question[I.1))? Various subtleties surrounding this tension were discussed. Over
the course of this paper, our understanding of the interplay between the Archimedean and non-Archimedean
perspectives has begun to shift. Our topos-theoretic analysis has brought some aspects of the picture into
focus that were previously obscured. Along the way, the analysis also raises a more fundamental question
about the tools themselves: what information, precisely, does topos theory capture?

Looked at from a certain distance, these questions arising from number theory and topos theory start to
converge on a common theme: how should the connected and the disconnected interact? The remainder of
this (primarily expository) section explores this question from both perspectives.

7.1. The View from Topos Theory.

7.1.1. What do Classifying Toposes Classify? An important clue in our investigation of the non-Archimedean
places was the following example by Bunge [Bun90], which we now discuss more fully:

Example 7.1. Let G := (G, G1) be a connected localic group. Then BG ~ Set.

Proof. Recall BG may be characterised as the category of étale GG-spaces, whose objects are étale bundles
EL Gy equipped with a (continuous) G-action G1 X, E — E satisfying the usual axioms [Moe88], §5].
First, notice that Gy = {*} since G is a group. Since étale bundles are fibrewise discrete (Discussion ,
the bundle space of any étale G-space F 2, Gy must therefore be discrete.
Next, given e € E, the G1-action induces a (continuous) map
(—)ee: Gy — E

gr——g-e.

Since F is discrete and (1 is connected, this map must be constant; in fact, g - e = e for all ¢ € G since
the G'1-action forces the identity s(x) « e = e where s: Gy — (G is the unit map. Hence, since the objects
of BG are just sets equipped with trivial G-action, conclude that BG ~ Set. U

The following comments give some context as to why Example[7.1]is interesting.

Discussion 7.2. Example gave us our first indication that the topos of a single non-Archimedean place
may in fact be trivial — contrary to the expectations of Guess Although the eventual proof of Theo-
rem did not require the hypothesis that the (0, co)-action of Groupoid (20)) is connected, one can in fact
adapt the argument of Example|[/.1|to give an alternate (though much more involved) proof to show that its
descent topos trivialises.
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Discussion 7.3. The trivialisation result is also striking because it contravenes a basic expectation from the
discrete setting. By Diaconescu’s Theorem, the presheaf topos BG ~ [G, Set] classifies all G-torsors for
any discrete group GG [Joh02], B3.2]. Yet when G is a connected group, the fact that BG ~ Set implies that
for each topological space X there exists essentially only one geometric morphism 8 X — BG, even though
for suitable X and G there may exist many non-isomorphic GG-torsors.

Reviewing Example the core mechanism of the argument rests on two general facts:

(a) All sheaves over localic spaces can be characterised as fibrewise discrete bundles (Discussion[2.20).
(b) All maps from connected spaces into discrete sets must be constant.
Put together, these observations suggest that the trivialisation we encountered is not an accident, but instead
a more general feature of sheaf toposes. The following observation by Lurie confirms this suspicion, and
makes it precise.

Observation 7.4 (Lurie’s Observation [Lurl4]]). Let G be a localic group such that there exists a non-
constant continuous map v: R — (. Then, there cannot exist a topos SE that classifies G-torsors over
localic spaces, i.e. there does not exist a topos SE such that

Geom(8X,8¢&) ~ Torg(X),

where X is a localic space and Torg(X) denotes the category of G-torsors over X.

Proof. We give a sketch of the proof to highlight the role of connectedness; for details, see [Ng23, Ob-
servation 6.5.5]@ Since R is connected, the unique projection map p: R — {x} induces a fully faithful
embedding on the level of their sheaf toposes

p*: Set — 8R.
Lurie’s Observation then follows from the following two claims:
(a) For any topos S€&, p* induces a fully faithful embedding

Geom(Set, 8€) — Geom(SR, 8E).
(b) There does not exist a fully faithful embedding
Torg({+}) — Torg(R).
Now suppose there exists a topos SE such that
Geom(8X,8€&) ~ Torg(X),
for any localic space X. By Claim (a), this equivalence yields a fully faithful embedding
Torg({*}) ~ Geom(Set, 8€) — Geom (SR, &) ~ Torg(R),
contradicting Claim (b). ]

Discussion 7.5 (co-toposes). Interestingly, Lurie [Lurl4l] points out that the argument of Observation [7.4
can be extended to show that co-toposes also do not classify G-torsors for all topological groups G either.
This is a priori surprising: one may have expected that the generality of co-toposes would resolve the
previous issues faced by the standard topos In any case, Lurie’s remark suggests that other frameworks
are needed if we wish to deal with G-torsors for general topological/localic G.

Lurie’s Observation[7.4]is powerful because it is no longer about the failure of the particular construction
BG; rather it rules out the possibility of classifying topos altogether for a group G satisfying its hypotheses.
Of course, other frameworks for classifying G-torsors exist (e.g. topological stacks [Noo0O3]), but it is less
clear if they have a point-free interpretation in the sense that was important to this paper (cf. Definition[I.3).
More specifically, we may ask:

Problem 7.6. Can the classification of G-torsors for general topological/localic groupoids GG be given a
point-free interpretation, compatible with geometric logic?

38we emphasise that the credit goes to Lurie.
39This becomes less surprising when we re-examine the motivations behind higher topos theory. Higher topos theory, as set
out in [Lur09], aims to develop a categorical framework for interpreting higher cohomology classes, analogous to how G-torsors
describe first cohomology classes. Thus, the objective is distinct from classifying all G-torsors when G is topological/localic.
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7.1.2. Lax Descent. Given Lurie’s Observation the reader may be forgiven for thinking that toposes
are generally incapable of retaining meaningful information about connected spaces. The reality, however,
is more nuanced. Consider Theorem [5.9 once more: although our descent Diagram (29) was constructed
using the interval (0, 1] — ostensibly a connected space — the resulting quotient space is certainly non-trivial
(in contrast to the non-Archimedean case). In a different vein, Conclusion [6.9] highlights some of the subtle
and non-trivial effects that lax descent has on the connected components of sheaves. Together, these results
highlight a striking parallel between the logical and sheaf-theoretic perspectives. At the level of point-free
spaces, the lax descent eliminates the left Dedekind sections of (0, 1] but retains the right Dedekind sections
as upper reals. At the level of sheaves, the lax descent eliminates lower-bound forking but permits upper-
bound forking in the connected components of the sheaves on (0, 1].

Stepping back for a moment, one may ask if the lax descent calculations underlying Theorem [5.9] and
Conclusion [6.9] point to a broader topos-theoretic principle. In particular, the observations above suggest
that lax descent may admit a more general description in terms of its effects on the connected components
of sheaves. Here is one possible approach to this problem. In the non-Archimedean case, the proof of
Theorem [4.10] essentially reduced to observing that the map

(0,00) — {x}
appearing in Diagram (20) is an open surjection, and thus satisfies effective descent. This suggests the
following test problem:

Problem 7.7. Can the characterisation of the Archimedean place in Theorem [5.9]likewise be obtained from
a general lax descent theorem?

Discussion 7.8. The existing literature on effective lax descent is a natural first place to start looking for
answers; see e.g. [Pit86, MVO0O0, Bunl5]. In particular, Bunge [BunlSl] gives a fairly general approach
unifying various effective lax results via her framework of Pitts KZ-monads. Our explicit calculations raise
the question of how the behaviour of lax descent on connected components exhibited here fits into Bunge’s
framework, or more generally into the overall theory of effective lax descent.

Notice, however, that such an interpretation would only address the mechanism underlying our calcu-
lation of the Archimedean place. One would still need to understand how the resulting Archimedean and
non-Archimedean pieces assemble into a single point-free space of places. This brings us to the more fun-
damental Problem[7.9] which we discuss next.

7.2. Local-Global Questions. Section [3| defined the topos of places P as the lax descent topos of Di-
agram (19). Thus far, however, our calculations have been local in nature: the trivial place and non-
Archimedean places of Q are identified as singlestons, with the Archimedean place as the unit interval
of upper reals:
trivial place «—— {x}
non-Archimedean place atp «— {x}
. P —
Archimedean place «— [0, 1]

This only gives a piecewise account of the space of places of Q. Taking seriously our objective of treating
the places of Q as an actual space (as opposed to an indexing set), let us restate our original motivating
problem from the Introduction.

Problem 7.9. Characterise the (entire) point-free space of places of Q.

Discussion 7.10 (The trivial place). As stated, Question [I.1] frames the problem as reconciling the dif-
ferences between the Archimedean and non-Archimedean perspectives. Our analysis highlights a more
immediate difficulty of reconciling the trivial place with the (non-trivial) non-Archimedean places
Theorem {.T1] shows that the space of non-Archimedean places behaves like the set of points indexed
by the non-zero prime ideals of Z. However, as already remarked, our methods (essentially, Moerdijk’s
Stability Theorem[2.38)) do not allow us to extend this to the trival place. What is interesting is that this does

40We remind the reader that this paper defines the non-Archimedean absolute values as absolute values | - | such that |p| < 1 for
some prime p; in particular, they are non-trivial by definition.
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not appear to be just a technical limitation of our descent tools; in fact, the same difficulty is already visible
at the level of absolute values.

This was the very subject of [NV25, Problem 6.1] from an earlier manuscript, which asks for the char-
acterisation of the point-free space of absolute values on Z. In that paper, we were able to give a complete
characterisation of the space of multiplicative seminorms on Z valued in the upper reals (Theorem 4.1, loc.
cit.). Curiously, when we considered the space of Dedekind-valued absolute values, we were unable to
even characterise the space of ultrametric absolute valuesﬂ The closest approximation we found was an
Ostrowski-type result, stated as Theorem [B| here, which gives a local account that identifies the space of
absolute values belonging to the same place.

Discussion 7.11 (Archimedean place as a parameter space). Recall Artin-Whaples’s classical result [AW45]]
that Q (in fact, all global fields) satisfies a product formula

II lzle=1,  forallz#0 (63)
'UGAQ

where v ranges over all the places of (Q, including the Archimedean place. Notice the product formula
is preserved under simultaneously rescaling the absolute values by any choice of exponent o € [0, 1]. In
light of our Theorem [5.9] this suggests viewing the Archimedean place as a parameter space, capturing the
normalisation across all places.

This perspective has interesting precedents in other approaches to arithmetic geometry — e.g. in the role
of the deformation parameter 0 < o < 1 in Connes—Consani’s framework of Absolute Algebraic Geometry
[CC20, §4.1], and, in a rather different way, in the role of the Archimedean error ¢ > 0 in the framework
of Globally Valued Fields [BYDHS24]. In our point-free context, fixing a normalisatrameter from the

2.39

(_
Archimedean place amounts to working internally over the topos 8|0, 1] (Convention ). Equivalently, as
illustrated by Figure@ one may conjecturally regard the Archimedean place as lying below Spec(Z):

(2) (3) () (7) (11) (13) ev .

FIGURE 6. A candidate picture for the space of places

If this picture is correct, it should have interesting implications for our understanding of topos-theoretic
descent. On the side of number theory, the perspective that the Archimedean place lives below Spec(Z)
may be suggestive to readers familiar with '1-geometry; see e.g. [PL11].

Let us also take the opportunity to state two follow-up problems to Problem [7.9] The first is the original
motivating test problem of my thesis [Ng23|:

Problem 7.12. Over the topos of places P, characterise the space of completions of Q. In particular, how
should we understand the generic Archimedean completion?

4IRecall from Section that the ultrametric absolute values are defined as the absolute values | - | satisfying the ultrametric
inequality — this includes both the trivial and non-Archimedean absolute values.
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Discussion 7.13. When restricted to the Archimedean place, we expect the construction from Problem
to produce what is morally a parametrised family of completions, interpolating between Q and ]REEI

Q R R
D \
0 1

FIGURE 7. A parametrised family of completions over the Archimedean place

Recall that the unit interval <[0,—1] of upper reals must contain 0 since subspaces of upper reals are closed
under the Scott topology (Section[2.1.3). This suggests that that the trivial completion Q cannot be definably
separated from the rest of this family. It is interesting to notice then that the Archimedean completions R“
becoming increasingly “disconnected” as o« — 0 .

Discussion 7.14. Discussion|[7.13| gives another way to appreciate some of the subtleties underlying Ques-
tion Whenever one wants to import analytical methods from the Archimedean setting (e.g. complex
analytification of varieties) to the non-Archimedean setting, the barriers to this translation are clear: non-
Archimedean fields are totally disconnected, and so the naive analytification is of limited usefulness. Fol-
lowing Berkovich [Ber90], however, we now have a robust solution, which essentially involves “filling in”
the gaps responsible for the disconnectedness of non-Archimedean spaces; see [Pay15]] for a nice survey.

The opposite direction is less clear. In order to relate analytic structures over R to the (disconnected)
arithmetic setting, Theorem [5.9]and Discussion suggest that we should somehow parametrise families
of analytic structures {M,}, perhaps over Q(0,1)> and examine their behaviour as ¢ — 0. Ideas from con-
densed mathematics, in particular p-liquidification for 0 < p < 1, appear relevant but more investigation is
needed; see e.g. [CS22, Theorem 3.11].

Finally, recall that Grothendieck toposes trace their origins back to Grothendieck’s attack on the Weil
conjectures: the need to develop étale cohomology (and other related cohomology theories) led him to
replace ordinary topological spaces with the more general notion of a topos. Given the context of this paper,
the following problem is natural:

Problem 7.15. Characterise the sheaf cohomology H*(P, F) of the topos of places, for suitable classes of
coefficients F'. What geometric or arithmetic information do these cohomology groups capture? What local
obstructions do they detect?
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